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CHAPTER VII 


THE LOGARITHMIC AND EXPONENTIAL 
FUNCTIONS 


THE particular functions which we have used in the earlier 
chapters (Volume 1) are the powers of x, the ordinary trigono- 
metric functions, and combinations of them such as polynomials. 

We now introduce an entirely new function, the logarithm. The 
need for it arises, for example, when we seek to evaluate the 


integral 
f χης 
for π = —1. The standard formula 


[rraz ae ek gail 
n+1 


becomes meaningless; the integral cannot be evaluated in terms of 
the functions at present at our disposal. 


1. The logarithm. Consider the integral 


is 


To make the discussion precise, we shall fix the lower limit, giving 
it the value unity; the effect of this is merely to remove ambiguity 
about the arbitrary constant. The integral is a function of its 
upper limit, which we denote by the letter x, replacing the 
variable in the integration by the letter ὁ. The function is thus 


fle) = [ τι 


where (Vol. 1, p. 87) f(z) = =. 


2 LOGARITHMIO AND EXPONENTIAL FUNCTIONS 
The function defined in this way is called the logarithm of z, 
usually written 
log x 
or log, x, 


the suffix e being inserted for reasons to be given later (p. 27). 


Thus adi 
loge = | - 
3 6 


2. First properties of the logarithm. We now prove some 
of the basic properties to which the logarithm owes its importance. 
The reader will note the very close connexion with ‘logarithms to 
the base 10’, with which he is presumably familiar. 


(i) log1 = 0. 
This follows immediately, since (Vol. 1, p. 83) 


1dt 
[-ο 


(ii) log ay = log + logy. 


For log zy = [Φ 
1 


= [oe ["S (Vol. 1, p. 83). 
a 


1 


Now use the substitution 
t= ru 


in the latter integral. We have the relation 
dt = xdu 


(remembering that x is constant here, the variable of integration 
being ἐ). Also the values x,xy of ¢ correspond to the values 1,y 


of w. Hence αν dt xdu_ du 
ot aime Ν ἃ 


= logy. 


We therefore have the required relation 


log zy = logx+logy. 


FIRST PROPERTIES OF THE LOGARITHM 3 


COROLLARY. log (z/y) = loga—logy. 


For logz = log [ ν 


= log (z/y) + logy. 


(iii) log (x") = nlogz. 
© dt 
In the relation logz = Ϊ Τ᾽’ 


make the substitution u = ἐπὶ 
du = nt™— dt. 


Also the values 1, z of ¢ correspond to the values 1, 2” of wu. There- 
fore, since 


We have the relation 


, nt™-1 
t -  nt™’ 
x min—] jt 
we have logz = [ ain 


™ du , 
= | — (applying the substitution) 
1 nu 
1 γι 
=, n log (x), 


so that log (x") = nlog =. 

Note. τ may have any real value, and is not necessarily a 
positive integer. 

(iv) The value of log x increases indefinitely as x does. 

Suppose that NV is any large number and m the largest integer 
such that 2"<N. Then 


dt ide (8de dt ΤΣ 
log = [T+ [T+ I) ΟΝ t + ry 


2 dt 
Now consider > 
Q7—-1 
Throughout the interval (2-1, 2?), the variable ¢ is less than 2?, 
so that : exceeds =e Hence, by the basic definition οἱ an integral 


(Vol. 1, p. 81), 


dt dt iJ" 2-1 1 
Ὁ 5.7: oe δὰ τι τῷ 


4 LOGARITHMIO AND EXPONENTIAL FUNCTIONS 
Applying this inequality to the successive integrals in the formula 
N 
for log NV, and noting that Ϊ τ is positive, we obtain the relation 
om 
logN>4+4+4+...4+4 (m terms), 
so that log N, which exceeds 4m, increases without bound. 
CoroLiary. The value of logx tends to MINUS infinity as x tends 


to zero. 


For log (x) n| = log1 = 0, 
so that log (x) + log = 0, 
1 
or log (x) = —log N. 


As N tends to infinity, 1/N tends to zero, and the result follows. 


3. The graph of log x. 
1 


y = log, 
dy 1 
then aa 
Hence J is positive for all positive values of x, so that logz is a 


steadily increasing function of x 
for positive x (Fig. 62). Also the 
gradient - is large and positive 
when z is small and positive, 
decreases as x increases, taking 
the value 1 when x =1, and 
tends to the value zero as = in- 
creases indefinitely. Moreover, 
as above, y itself tends to ‘minus 
infinity’ when x tends to zero, 
increases with 2, taking the 
value 0 when z = 1, and ‘tends 
to infinity’ as x increases in- 
definitely. 

The general shape is therefore that shown in the diagram. 


Fig. 62. 
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The value x = 0 imposes a downward barrier on the logarithm, 
and the function log x is undefined for negative values of x. 


Note. If x, = x, being positive, then log x, = log; and, what is 
more important, the converse property holds, that, iflog x, = log ἃ, 
then αι = 2. In fact, if x, >2%_, then log2, > log 2,, since the loga- 
rithm is an increasing function; and if x, <2, then log 2, < log 2g. 

It is also clear from the graph that, if c is a given number, then 
the relation 


defines x uniquely. 
Warninc. The value of the integral 


ΠῚ 


is fully determinate, but we cannot use the argument: 


logz τὸ 


(AF = fiogt| " = log (—3) —log (-- 2) 


ὦ t 
= log (=5) = log (3/2), 


since log (— 3) and log (— 2) are non-existent. We must proceed as 
follows: 


Substitute | = —4, 
so that dt = —du. 
—3 di —du du 
Then [-[Ξ = i 


8 
= log u| = log (3/2). 
2 
UNDER NO CIRCUMSTANCES may we evaluate an integral such as 
+3 dt 
μὴ 


where the variable of integration ¢ runs through the value zero at 
which (1/t) has no meaning. 


Ἵ 


6 LOGARITHMIO AND EXPONENTIAL FUNCTIONS 


We give two typical examples to show how logarithms arise in 
physical applications. 


ILtustraTion 1, An electric circuit contains a resistance R,a 
coil of self-inductance L, and a battery of electromotive force E, 
supposed constant. To find an equation to determine the current 
t seconds after a switch in the circuit has been closed. 

The equation for the current x is known to be 


de 
L—+Rx=E, 


so that Lo = H— Rx. 


Hence the differentials αἱ, ἄχ are 
connected by the relation 


Ldw 
“ὩΨ τ 
dx Fig. 63. 
and so i= 2 ee . | 


[Wote. We are changing from the conception of x as a function 
of ¢ to that of ¢ as a function of 2.] 

The value of the integral may be written down at once, but the 
beginner may prefer to use the substitution © 


E-—Rz =u, 
so that | — Rdx = du, 
ΠΝ L (du L 
giving ἐπ πῇ [= —zloews, 


assuming that we are dealing with a case in which wu is positive. 
Hence t = — Flog (B- Rx) +0, 
where C is an arbitrary constant. Now x = 0 when ¢ = 0, and so 


L 
0= plo k+C, 


or C= A log ἢ. 
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Hence t= : flog Καὶ —log (ἢ -- Rx)} 


“ἢ E 
"ih Ree 
: dx 
An alternative method for dealing with the relation L a+ Rxe=EH 
will be given later (p. 22). 
ILLUSTRATION 2. Τὸ find the work done when a given quantity of 
a perfect gas expands from volume v, to volume v, at constant absolute 


temperature 7’. 
It is known that the volume v and pressure p are connected by 


the relation ben Bi 
where R is constant. Also the work done is known to be 


W= [" dv. 


RT dv 
v 


Hence We {° 
v, 


Us 
= RT flog ἢ 


υ, 
= RT (log v, —log v,) 
= RT log (v,/v,). 


The following illustrations are typical of integrals involving 
logarithms. 


InLusTRATION 3. 70 find 


4xrdz 
I= zi ° 
We have 
22 22 " 2_1)—] 24] 
t= [(Ξ| πε) #8 1) — log (a7 + 1) 


χἥ-- Ἰ 


8 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
ILLUSTRATION 4. 70 find 


I= [tan xdx. 
Write u = COs2, 
so that du = —sin xdz. 
Hence T=- = = —logu = log (1/u) 
= logsecz. 


ΓΙ ΒΤΕΑΤΙΟΝ 5. 70 find 
I= [alogede (n+ —1). 


On integration by parts (Vol. 1, p. 103), we have 


gn yntt | 
ntl © Inel 2 

enti “τι 
ae ς n+1 

grt grt 


InLustTRATION 6. To find 


Iz ἄς 
cos 2 
We heave pa (2082ae _ [ΞΞΞ 
~ J costa [1--ϑπϑ χ᾽ 
Let u = sinz, 
so that du = cosxdz. 
du lf{ du du 
Then t= 33 [τὴ 
= 4{—log(1—wu)+log(1+~)} 
= tlog>** 
] - 
1+sinz 
= ἰὼ, γα -- ἰῃ χ᾽ 


THE GRAPH OF ΤΟΘΣΖ 9 
This may also be expressed in the form 
a (1+sin2)* 
f= $108 Tinta 
1+sina\? 1+sinz 
= }log( cos 2 “Ἢ ( cos x 
= log (secx + tan 2). 
Another form for the answer is 


I = logtan (1: 3) 


ILLUSTRATION 7.* Τὸ find 
(4047) dx 
a 4+42¢+13° 
Notice that the differential coefficient of the denominator is 
2x + 4, 
and express the numerator in the form 
2(2a +4) —~1. 
(2a +4) dx dx 


=e [= 2) περάσει Jx*+4c413 
=2| 9 -{ Ritts 
w?+4¢%4+13 J(x+2)?+9 
2 
= 2log (a? 4:- 18) -- ~}tan(*F). 


ILLUSTRATION 8.* 70 find 


ΓΞ (5a - 8) ἀπ 
a — 6a +25° 
Notice that the differential coefficient of the denominator is 
2x2 —6, 
and express the numerator in the form 
ὃ (2. -- 6) + 23. 
Then δὰ ΠΣ —6)dz 4.93 dx 


—6x +25 (x —3)?+1€ 


_ 5 et eet a 2) 
> log (2 62 +25) +" tan ( rk 


* An important type. 
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EXAMPLES i 
Find the following integrals: 


dx 9 dx dx 
2+1° "19..." ᾿.}2-- 8. 
e+] dx 1} 
res 
4, | ᾿ dx. 5. la-y 6. [- +3) dx. 
Evaluate the following integrals: 
7 [Ξ 8 [- dx da 
"eae * J-g etl " Jo 342° 
-3 4 
0 [ = τον ΛΕ ἢ τὸ 9. 
—2 4x+-7 4 553-- 4 1 θ. -- Ἰ 


Differentiate the following functions with respect to z: 


13. log (3% -- 2). 14, log tan. 15. log cosec x. 
16. x*loga. 17. x™loga. 18. log (1+2%). 
Find the following integrals: 
19. flogxde. 20. BF a, 21. feotade. 
22. fe log xdz. 23. i 24, | Sr ae, 
sin x sin x 

(2. -ἰ 5)da (2a —3) da (22+ 5)dx 

25. |—————.. . I= τ---:.-  Π|Ππππετ-ττε 
αὐ 5a+12 = eo. se |e 


98 [πες 9 (52+ 7) da 30 (7x —2)da 
* J 22+ 627+ 10° a? — 82+ 25° " }a24+ 102+ 34° 


4, The use of logarithms in differentiation. The differen- 
tiation of a fraction (in which the numerator and the denominator 
may themselves be products of factors) is often made easier by the 
method known as logarithmic differentiation, illustrated in the 
following examples, 


ItLustRation 9. 70 differentiate the function 


ΒΝ (1 +2) 
~ (L—a)# (1+ 22)?" 


THE USE OF LOGARITHMS IN DIFFERENTIATION [1 
Take logarithms. Then 
logy = 3logx+log (1+?) —4log (1 -- “) —2log (1+ 22). 
Differentiate. Then 


ldy 3. 2% 4 4 


γᾶς κα 1+a®*’ πα 1422” 


and the value of τ follows at once. 


With a little practice, the two steps may be taken together: 


ILLUSTRATION 10. 70 differentiate the function 


_ (1-22)? sin 


Tt aat 
Take logarithms and differentiate. Then 
1 dy —-4 3cosx 16% 


yde 1 54 sinz 14422" 


EXAMPLES II 
Use the method of logarithmic differentiation to differentiate 
the following functions: 


(1+<2)? cos? & 3 « Βηξ 
᾿(1--αοἡ)δ΄.  1+27" * 1-225 

x*(1 +2)? xsin x ὲ (1 +22)? 

᾿  (1+24)2° " (1l+2(1—2) " 2a cos? x" 
7 5a4(1 —x)8 (1+ cos x)? 9 (1—2x) (1+ 22)? 


tan?27 © ᾿ (l+a+22) " (1—32)3 (1+ 45)" 


5. The use of logarithms in integrating simple rational 
functions. A rational function of x is an expression of the form 


u(x) 
v(x)’ 


where u(x), v(2) are polynomials in x. We shall later (p. 200) give a 
detailed treatment of the integration of such functions; here we 


give a preliminary account of the simpler cases. 
2-2 
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If the degree of u(x) is higher than that of v(x), we can divide 
u(x) by v(x), and obtain an expression of the form 
w(x) 
» (: ) + v(x) ᾽ 
where p(zx) is a polynomial, and w(z) is a polynomial whose degree 
ts less than that of v(z). 

The integration of the polynomial p(x) is immediate. We may 

therefore confine our attention to the form 

w(x) 

v(x)’ 
where w(x), v(x) are polynomials in 2, the degree of w(x) being less 
than that of v(x). The method is to express this quotient in 
partial fractions; details may be found in a text-book on algebra, 
but, for convenience, a brief account of the calculations involved is 
inserted for reference. 

In order to explain what is required, we consider some typical 
examples. (Different mathematicians use varying methods. Those 
which follow have the advantage of giving independent checks of 
accuracy in some of the more complicated cases.) 


: 22 
The denominator consists of the two linear factors (a — 2), (~+ 3), 


each occurring to the first degree only. We seek to express f(z) in 
the form 2 Β 


--ς- ----.-. 


ἜΡΙΣ 

2a 
(a— 2) (5 -- 3) 
Multiply throughout by « -- 3. Then 


B(x—2) _ 25 
+3 24+3° 


This holds for all values of x; in particular, for z = 2. Then 


We have A ug ὅς 
x—-2 2£4+3 


A+ 


Hence A= 
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In practice, these steps are usually telescoped, as we now 
illustrate in finding B. Multiply throughout by +3 and then put 
z= — 3. Thus 


_ 4-3) 8 
Serge ἢ 
4 6 
Hence f (δ) τος -- t δίς 8} 
1 
i) Seen sar 


The denominator consists of two linear factors (x+ 2), (ὦ -- 2), 
of which (~— 2) occurs to degree 3. We seek to express f(x) in the 


wa Pee OG Bae 
z4+2' (@—2)) (e—2)? 2-2’ 
A B C D x+1 


so that +2" @—2)* @—2P τ; τ) @—2)F 


Multiply throughout by 2+ 2 and then put x = —2. Thus 
—2+1 =f 1 


In order to find C, D, we use these values of A, B: 
Gre eR δος Boy 
(@@—2)2* (w@—2) (@+2)(@—2) 64(e4+2) 4e—2) 
_ 64(2+ 1) -- ὦ -- 2)8 — 48(a + 2) 
κε 64(a + 2) (α -- 3)3 
64x + 64—2' + 62? — 19. -Ὁ 8 -- 48. -- Θ6 
θ4(5- 2) (x—2)3 
_ α᾽--θω"-- 45:34 
64(a + 2) (x -- 2)3° 


At this point, we are able to check accuracy for the highest 
common factor of the denominators on the left-hand side is (x — 2)?. 
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Hence «+2 and x—2 must be factors of the numerator on the 
right. By division, we find that 


x — 6x*— 4x4 24 = (a +2) (α-- 3) (x —6): 


C D x—6 


Henee @—2)t 2-2" Haar 


Multiply by (ὦ -- 2)? and then put x = 2. Thus 


64 18 
D (x—6) 1 
H See a: Sy ee ene 
ip z—2- ~ 64(e—2)2 Ἰ6(2-- 5) 
_ —2£+2 —1 


~ 64(@— 2)? θά(-- 8) 
again checking accuracy by the cancelling of x—2. 


. ] 
Finally, D= ἜΣ 


χὰ» 8 1 1 
os ~ 64(e+2) * 4{5-- 3) Ὁ Te~@—2)2 ae)" 
45--1 


(ili) ἀκ ἘΠῚ ΤΥ ΤΑΝ 


The denominator consists of the linear factor (x—1), repeated, 
and the quadratic factor (2?+2+1). We require to express f(x) in 


Sie form A_, B | Cx+D 
(z—1)? w-1 a?+741’ 


the numerator above the quadratic factor being of the form Cx + ἢ. 
We thus have 


B Οὐ 4. -- Ἰ 


----------- 


@—1P" 2-1" +241 [:- Πα: ἢ᾽ 
Multiply throughout by ( -- 1)3, and then putz=1. Thus 
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Bi Οὐ. 4x —1 iy pond 
Hence g-1' a+a+1 @-lP@+erl) (6 - ἢ» 
_ 4a—1—(2?+2+1) 
~ (2—1)?(a2+2+41) 
x*—3x+2 
~ (w—1)? (224241) 
B σαὶ _ x—2 
Heats 2-1’ a*+e41 (@—1)(@+2+41)’ 
the cancelling of the factor x—1 providing a check of accuracy. 
Multiply throughout by z—1, and then putz = 1. Thus 


1-2 1 
amie eo tak 
2 2, ὃ 
Hence e+a2+1 («—l)(@*+24+1) 3(e—1) 


_ —38(v@—2)— (2? +2+1) 
~ 8(@=])@*+e+]) © 
x*+4e—5 
~ 3-1) @+a+l) 
αὶ δ 
~~ 3+ a+) 
on cancelling the factor x—1. Hence 
C=-}, D=-}, 
1 1 “4-5 
and so f)= Gat 3-1) 3@tt+e41) 


The following illustrations exhibit some further points about 
the calculation of partial fractions, and also show how the 
integration of rational functions is carried out. 


InLustTRATION 11. Τὸ find 


xidx 
I= (α"-- τὴ 
The numerator is not of less degree than the denominator, so 
we begin by dividing out: 
x 2.3 --͵ἸἘ 


(“5 -- ΠΣ ὦ (ω3-- 1). 
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Consider, then, the function 


πα 
ΘΟ ΞΕ Gi 


Factorize the denominator, so that 


24? —1 


We therefore have to find constants A,B,C,D such that 


g(x) = 


flo Big sffen AD 9.5.1 
πη πὶ τ ηρίχει" -ὩΞΞ ἡξί; τ ΠΣ 


Multiply throughout by ἐν he and then put wh Thus 


(5. Ὁ 1): =-1 
2(1)2-1 1 
A= =- 
(l+1)? 4’ 
_ 2-1-1 1 
o> (HTH IF τς 
Hence 
Tae D 2a? —] 1 1 


—_— 
al PEE YP A ny PA Ge 7 eee 


ee ΡΒ τόν 1) 
4(5.-- Π5 (4 Ὁ 13 : 


- 62? —6 
4(%—1)?(e+1)2 
Pa ee 
2(a—1)(a+1)° 
Hence, by the usual process, 


B = 3, D=—3. 
It follows that 


τὶ: ] 3 1 3 
a Cee ae 
{{ πη Tel + He+ip Teri} 


1 ] 
πχαξη  ἐθσ- ) πῇ — Blog a+ 1). 
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ILLUSTRATION 2. Τὸ find 


eh 13dz 
~ Je84e—10° 


We must first factorize the denominator. It vanishes when 
x = 2, so that x—2 is a factor, and, after division, we find that it 
is (x — 2) (a®+2a2+5). We therefore seek to express 


ES 6 ee ee ee 
I) = a ς- 10 (@—2) (a? 8: +) 
A Bx+C 
in the form es Es ey 
ΩΣ Εν ναι πε τς 


ῳ--ἢ χη ϑχ ὃ (a—2) (x? +2245) 


Following a routine which should now be familiar, we have 


Bz+C 13 1 


-.- -πὦΠΒ»Β.-.--Ὁ ee --ς-ςς.- -- 


a*+20+5° (α--3)(5 25. ὅ) «-- 2 


We bet ire = a 
~ (w— 2) (aw? + 2a +5) 
δ 8 -- 9. --- οἱ 
(w— 2) (a? + 36 δ) 
_ -“Φ-ἰ.4 
~ o24 3.5: δ᾽ 
Hence 


x+4 
ies [{3:- τατος, 


ΕΞ acheter” 
- {I 2 χε 2242745 


= log (ὦ -- 2) —4 log (a? + 2 +5) — Stan (75 *) 
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EXAMPLES III 
Integrate the following rational functions: 


a2 
here, 9) cena, τας. το 
x9 (-- 1); 8. πε ας τ᾽ 
x3 
4. ΩΣ κεν τὸ 
= w+ a+ a+ 1 a+ ba+4" 
eee ΘΝ oes ὙΠΉΤΙΝ 
(v— 1)? (@+1) (w—1)?(a®+1)° “* @—2)(@* +4249)" 
x 3 
10, se ee oe : 
sited ear Fee 


PR tee ἐς etn Pe eet 
(α -- 1) (ὦ - 2) (5 - 3)" ᾿᾿ (a -- 1) (w—2)? (α -- 3) 


1 1 
CL ae) ΟΣ ςςς x—2 
@(a®—62+13) ᾿ we+4) A ety 
22+ 5 x 2 
18, ——.. Ne at a (+1) 
4, +7 e+6c428 7 gty 1” 
os hie 
a, 2, es ὙΡΡΌΝ 
alu" + 4) a3 — ¢?— 82+ 12° 
23 : oe! 


/ a9 ἐκ ae 
= BE + ta — Seed (@+2)*(@*4 22417) 


6. The exponential function. Imagine the graph y = logx 
(Fig. 62) to be turned, as it were, through a right angle and 
viewed through a mirror, and y 
the axes then renamed to give 
the curve shown in the diagram 
(Fig. 64). Then y is a certain 
function of x with the property 


that 
x = logy. 


Thus y is an ‘inverse’ function 
of log x in a sense similar to that 
in which sin z is (Vol. 1, p. 38) 
an inverse function of sin z. Fig. 64, 
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We write the relation x= logy 
to give y in terms of z, in the form 
y = exp2, 
where exp, whose properties we now study, is called the exponen- 
tial function. It is defined, as the graph implies, for all values of x, 
increasing steadily from zero to ‘infinity’ as z increases from “minus 
infinity’ to ‘infinity’. 
The exponential function (of a real variable x) is necessarily 
POSITIVE. 


From the relation logy = ὦ, 
we have, by differentiation with respect to z, 
εἰς ΑΒΕ 
yde 
so that J = ψ. 


Hence the differential coefficient of exp is exp itself. 
It is convenient to have a name for the value of the function 
when x = 1, and for this we use the letter e. 
Thus 
expl =e, 
or, in equivalent form, loge = 1. 
From the graph, we have the relation 


e>l. 
(The value of e, to four significant figures, is 2-718.] 


We now seek to identify the function expz in terms of the 
constant e and the variable x. If 


y = exp2, 
then log {exp 2x} = logy 
= 2. 


Also the relation log (x”) = nlog leads, on replacing x,n by the 
letters e, 2 respectively, to the relation 


log (65) = zloge 


= 7%, 


22. LOGARITHMIC AND EXPONENTIAL FUNOTIONS 
since loge = 1. Hence 


log {exp x} = log (65). 


But we have proved (p. 5) that, if the logarithms of two 
numbers are equal, then the numbers themselves are equal, 


an 60 expz = e*, 


The exponential function exp is therefore identified as the 
number 6 raised to the power x. 


ἂν ἃ ἂν. 
7. The relations ΞΡ Ξ» 


(i) Tae ΤΙΟΘΑΒΙΤΗΜ. 
It follows from the definition of a logarithm that the relation 


yields for positive x the result 
y = logx+C 


where C is an arbitrary constant. 
If x is negative, say 


χ τὸ —4U, 
where τὸ is positive, then 
dy _dydu ἂν. 
u duadu ἀκ’ 
hence dy δ Ὁ 
U x 
- 
u’ 
so that y =logu+C 
= log(—2)+C. 


We may therefore conclude that, whether x is positive or nega- 
tive, the equation 


dy ἢ 
dz κα 
leads to the relation y = log|x|+C, 


where |x| is the numerical value of x. 
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In practice, it is customary to use the form 


y = logx+C 


with the tacit assumption that x is positive; but this needs care. 
The relation y = logx+C may be put into an alternative form 
by writing C = loga, where a is also an arbitrary constant. Then 


y= log x +loga 


=logaz (ax assumed positive). 
By the definition of the exponential function, we then have 
ax = οὖ, 
or x= be, 


where 6 is likewise an arbitrary constant, assumed to have the 
same sign as 2. 


(ii) Taz ΕἸΧΡΟΝΈΝΤΙΑΙ, FUNCTION, 
We turn now to the equation 


d 

iting this in the f = ae 
Writing this in the form has 
we see that interchange of 2, y in the above relation x = δεν leads 
to the result y = be. 

: dy 

Hence the equation =e 
leads to the relation y = δεῖ, 


where b is an arbitrary constant, assumed to have the same sign as y. 
More generally, the relation 


leads to the relation y = bek=: 
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Hox the substivution 5 = ull ILLUSTRATION 14. Τὸ find the variation of pressure with height in 
gives dy ic dy dz a 1 dy an atmosphere obeying the law 
du dadu kdzx pv = constant, 
so that dy oe. (ky) where p,v denote pressure and volume respectively. ᾿ 
ἄμ ἃ Consider a vertical filament of air whose cross-sections have 
=. area 5A (Fig. 65). Let the pressures at heights x,2+d5zx be 


p,p+p. Then the element of volume (shaded in the diagram) 


H = 
ae y = be of height δα and base 5A is in equilibrium under pressure round 
= bet, its sides, which does not concern us, and also 
under the following vertical forces: p+5P 
. | 
We give two typical examples to show how exponential func- (i) p5A upwards; 
tions arise in physical applications. (ii) (p+ 6p)5A downwards; 
IutustraTion 13. We return to Illustration 1 (p. 6) of a (iii) pi.Ace downwards, 
circuit with resistance Ἐν, self-inductance LZ and electromotive where p is the weight per unit volume at 
force H. The equation for the current x at time ἐ is height x. Hence 
Lo +Re= 2 pdsA —(p+Sp)8A — pdxdA = 0, 
or dp + pda = 0. 
" Hence jad = B~ Rr 
a a ἔα. Now let 9, p9,¥) be the values of p,p,v at 
. ᾿ ground level. Since p is the weight per unit 
| Write H-Rz=4u; volume, the relation 
then du af du dx Pv = Po% 
dt dxdt | ὁ 
εὐ. is equivalentto +=, 
(-- (1) 4 P βρη 
= (-- R/L)u. Ἂ 
| Hence u = Ae-R/D)t and so et pdx = 0. 
where A is an arbit 
| itrary constant, so that In the limit, this is dp ont D, 
| Ε-- Κα = Ae-F/Dt, dx Po 
| Ifz=0 when ἐ = 0, then and so p= Aem'Po/Pode, 
E=A&=A, where A is an arbitrary constant. But p = p, when x = 0, so that 
and so Ε-- Rx = Εε- μι, Po = 469 = A. 
wn τ. Eq _ tenn, Hence the pressure at height x is given by the relation 


Pp = poe Pina, 
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8. The integration of δ", 


To find | erde, 
we have merely to note that the relation (p. 19) 
d 
; (65) = e 
leads at once to the result 
ef = | ede, 


so that the value of | e* dx is e* itself. 


CoROLLARY. | ede = “ee, 
ItLustration 15. To find 
Pe | δας sin δαά. 
On integration by parts, we have 
I= ; esinba— [Ὁ e* beosbxdzx 
a a 
] ‘ b 
= — coxsinba— = |e cos bude, 
a a 
Integrating again by parts, we have 


I= gw sinba— em cosba+ 5 [er(—bsinba)da 
a a a 


2 
= inde ~ <r ei ee: 
a a a® 
Hence (14+ 5)7 = = ett sin be — ὦ e2 cos be, 
a a a 
so that | ee a eer a ee 
= aaa (asin cos bx). 


THE INTEGRATION OF οζ 25 


ILLUSTRATION 16. 70 prove that, if 


y = e*sin bz, 


d*y ., dy = 
then 1 αν (a? + bP )y = 0, 
We have OY = qet*sin ba + be% cos ba 


= ay + be cos bz. 


2 d ὲ 
Hence os = a2 + abet cos ba — bem sin ba 
dy {¢y_ |—v 
= at α[ ay} — by, 
d? d 
so that <4 20+ (a? +6?)y = 0. 


EXAMPLES IV 
Find the differential coefficients of the following functions: 


1. οἷ, 2. οἷ. 8. «οὔ͵ 

4. e*cos2. 5. eine, 6. (1+<2*)e*. 
; e* 

7. $(e%+e-*)*, 8. xe* sin x. 9. Toa" 

10, (1 - 65) βίη ὦ. 11, e®* cos 42. 12. e*tanz. 

Find the following integrals: 
13. [“«- 14. Ϊ et dx, 15. [3εσ ας. 
16. [τα 17. [:ἀ. 18. [ὁ α. 


19. [5 cos xd, 20. [ sinzcosre= de. 21. [οὐ οί de 


22. | e* cos χα. 23. Jes cos 4adx. 24, Ϊ (1 - χ) e?*dx. 


3 M Il 
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ILLustRation 17, Τὸ find a formula of reduction for 


I= | wer da, 
On integration by parts, we have the relation 
i= e@.a—[ et nade 


= ger —nI 


nm—i° 


This is the required formula. 
ILLusTRATION 18, 70 find a formula of reduction for 
I= | e* sin” xdx. 
On integration by parts, we have the relation 
| e.sint2—[e.nsin”-tx coszdz 
= e*sin"™2—n.e* sin" 2 cosx 
+n] e*{(n—1)sin"-* x cos*x —sin® a} dx 
= e* sin" x—ne* sin®™— 008 
+n| e*{(n —1)sin"-* 2(1 — sin? x) —sin" 2] dz 


= e* sin” x—ne* sin” 2 cos x 
+n{(n—1)f,.—nI,}. 
Hence 
(n?+1)I, = e* sin” «—ne*sin"— x cosa +n(n—1) 
This is the required formula. 


ia, 


EXAMPLES V 
Obtain formule of reduction for the following integrals: 


1, fonerrae. 2, feresinnaede. 3. em cos" badz. 


Evaluate the following integrals: 


in π 
4. ᾿ xe da, 5. [ e* sintadzx. 6. i e* cos? ada. 
0 
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9. The reconciliation of loge x and logi)x. The reader will 
recall the elementary definition: 

The logarithm of a number N to the base a is the index of the power 
to which a must be raised to give N. 


If N = a*, 
then log, N = k. 
In particular, if y= &, 
then Ζ = log.y. 


By this relationship the work which we have just done is reconciled 
to the more elementary approach, and our use of the word 
‘logarithm’ is justified. 


Note. The relation 3 (log x) = : 

is true only for the base 6. 
For other bases we must proceed as follows: 
Let y = log,2. 

Then . =a". 


Take logarithms of each side to the base e. Then 


log,x = ylog,a. 


Differentiate. Then : = ἰΙορ,α dy 
dy 1 
so that he! zlog, a 
Thus, if y = logy 2%, 
dy ! 
then dx xlog, 10 
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REVISION EXAMPLES III 


‘Advanced’ Level 
1. Differentiate (1+2)"log (1+-) (i) with respect to 2, (ii) with 


respect to (1+ 2)". 
If y=AJ(l+z)+Bz, 


4χ(1 +0) S44 2(1 +20) Uy = 0. 


prove that 
2. Prove that, if y = Asin?«+Bcos*z, then 
ὧν _ dy 
tan ee Te ae 


Given that z= Ae*+Be-**+0, find a differential equation 
satisfied by z and not containing the constants A, B, C. 


3. Find dy/dz in terms of t when 


οι σὰν τ 
πε τὰ a τὴ 
Prove that rd = 1 when ¢ = 0, and find a second value of ¢ for 
ὦ. ὧν 
which 7 = 1. 
ad? 2 (1 --- 218 
Prove tha i ΘΕ; (μος, 
— da ΞΕ 13}: 


4, Differentiate with respect to x: 
i 
in2 —) 
log sin? x, JE . 


5. Differentiate with respect to 2: 
sin*xcos%, e(cosaz+sinaz), 


log {a +/(a? + 1)}, tan~1(-). 


6. Find the differential coefficient of Jz from first principles 
Differentiate with respect to 2: 


1 
z, \(@?+1)’ cos~! (x?), log, %. 
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7. Differentiate the following with respect to z: 


2 sin2z, tan! x > a 
x 1—2? 


8. Differentiate the following with respect to x: 
in? — aa) 
, sin®3z, wlog,~—xz, sin {πῆρ 


l-—z 
9. Differentiate the following with respect to x, expressing your 
results as simply as possible: 
‘ x Ν" very Ὁ ἰδ σῦν 
ὦ Tyga (δ) logetan(da-+ dn), (il) sin (τ 


10. Find, from first principles, the differential coefficient of 
1/x? with respect to x. 

Differentiate the following with respect to x, expressing the 
results as simply as possible: 


Μη" 
(@+1) : tan-? (a), log, tan 22. 


11. Differentiate the following expressions with respect to 2, 
giving your results as simply as possible: 


x +1 . ene ( ai 
 - (a "ἣν a:*) » sin l +2 “4 
12. Differentiate the following functions of x with respect to x 


. 3 2 JE sin 2 —cosz 
x?) ᾿ l—z/’ sinx+cosx 


13. Prove from first principles that 


£ tanz = sec? 2x 


d inl = 
and deduce the values of τ; tan-!z and a cot—! x. 
Differentiate with respect to 2: 


2 
κι = e#7sin 25, log,(tanz+cotz). 
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| 14. Differentiate the following expressions with respect to 2, 
simplifying your results as much as you can: 


, sin*xcos*x, sin-*(J/z). 


l+z 
Prove that, if y = e-®* cos 4x, then 
d? d 
“2 +4 Σ +20y = 0. 


15, Find from first principles the differential coefficient of 1/24 
with respect to 2. 
Differentiate the following expressions with respect to ἃ, 
simplifying your results as much as you can: 


(«3 --Σ 3+4tanz ᾿ 
raed 4-3tanz’ wlog,(x + 1), 

16. A particle moves along the x-axis so that its displacement 
« from O at time ¢ is e'cos*¢. Find its velocity and acceleration at 
time ἑ = z. 

Prove that the values of t for which the particle is at rest form 
two arithmetic progressions, each with common difference z, and 
that the successive maximum displacements from O form a 
geometric progression 

4 eX, τὴν, Settee, 


where a is an acute angle such that tana = 4. 


17. Two circles, with centres O and P, radii a ft. and δ ft. 
respectively, intersect at A and B; the chord AB subtends angles 
20 and 2¢ at O and P respectively; the area common to the two 
circles is denoted by A and you may assume that 


2A = a*(20—sin 20) + b2(24 —sin 94). 
Prove that, if P moves towards O with a speed of u ft. per sec., 


then dA 
>is 2au sin 8. 
18. Find the equations of the tangent and normal at any point 
on the curve = acos*t, y = asin? t, when tis a variable parameter. 
Show that the axes intercept a length a on the tangent and a 
length 2a cot 2¢ on the normal. 
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19. A rod AB of length a is hinged at A to a horizontal table 
and turns about A in a vertical plane with angular velocity w. A 
jJuminous point is situated vertically above A at a height h(>a). 
Find the length of the shadow when the rod makes an angle @ 
with the vertical, and prove that the length of the shadow is 
altering at the rate haw(h cos @—a)/(h—acos @)?. 

20. Prove that, if a,b are positive and 9b >a, then 

asin2 + 6sin 3x 
will have a maximum value for some value of x between 0 and ἐπ. 

Find this maximum value when a = 8,0 = 0-5, proving that it 
is a Maximum and not a minimum. 

21. Given that y = οὔ — 5a° + 527+ 1, 
find the stationary values of y. Determine whether these values 
are maximum or minimum values or neither. 

22. The perpendicular from the vertex A to the base BC of a 
triangular lamina cuts BC at D; CD =q,DB=p (where ¢<p) 
and AD=h. The lamina lies in the quadrant XOY with B on 
OX,C on OY, and A on the side of BC remote from O. It moves 
so that B,C slide on OX,OY. Prove that, if 2OBC = θ, then OA 
is maximum (not minimum) when 


q-Pp 

Prove also that OA = CA when 
tan 9 = ᾿ Ν᾿ 
q—-p 


23. On a fixed diameter of a circle of radius 6 in., and on 
opposite sides of the centre O, points A,B are taken such that 
AO =3 in., OB = 2 in. The points A,B are joined to any point 
P on the circle. Prove that, as P moves round the circle, AP + BP 
takes minimum values 13 in. and 11 in., and takes a maximum 
value 5,/7 in. twice. 


24. Prove that, for real values of x, the function 
3sin ὦ 
2+cosz 


cannot have a value greater than ,/3 or a value less than — /3. 
Sketch the graph of this function for values of x from —z to π. 
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25. A particle P falls vertically from a point A, its depth below 
A after ¢ seconds being αὐ, where a is constant. B is a fixed point 
at the same level as A, and at a distance ὃ from A. Prove that the 
rate of increase of 2 ABP at time ¢ is 


2abt 
a? tt + 6?’ 


and show that this rate of increase is greatest when 
LABP = 30°. 


26. The angle between the bounding radii of a sector of a circle 
of radius r is 6. Both r and 6 vary, but the area of the sector 
remains constant and equal to c*, Prove that the perimeter of the 
sector is a minimum when r = ὁ and @ = 2 radians. 


27. If a variable rectangle has a diagonal of constant length 
10 inches, prove that its maximum area is 50 square inches. 


28. A straight line with variable slope passes through the fixed 
point (α, δ), where a,b are positive, so as to meet the positive part 
of the x-axis at A and the positive part of the y-axis at B. If O is 
the origin, prove that the minimum area of the triangle OAB is 2ab. 

Find also the minimum value of the sum of the lengths of OA 
and OB. 


29. Prove that of all isosceles triangles with a given constant 
perimeter the triangle whose area is greatest is equilateral. 


30. A variable line passes through the point (2, 1) and meets the 
positive axes ΟΣ, ΟΥ̓ at A, B respectively. If 9 denotes the angle 
OAB (0<6@<47), express the area of the triangle OAB in terms 
of θ, and prove that the area is a minimum when tan θ = 1. 

Find also the value of θ if the hypotenuse of the triangle is a 
minimum, 


31. Find the turning points on the graph of the function 
2a 
αἷς] 
stating (with proof) which is a maximum and which is a minimum. 


Sketch the graph and find the equation of the tangent at the 
point on the curve where x = }. 
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32. The slant height of a right circular cone is constant and 
equal to/. Prove that the volume of the cone is a maximum when 
the radius of the base is 1,/(%). 


33. A lighthouse AB of height ὁ ft. stands on the edge of a 
vertical cliff OA of height ὃ ft. above sea level. From a small boat 
at a variable distance 2 from O the angle subtended by AB is @. 


Prove that ἽΝ 


tan 6 --- 2*+b(b+c) 
Prove also that, if α is the maximum value of θ, then 


c 


tana = 2(62 + be) 


Integrate with respect to 2: 
24 -- Ἴ 


34. (i) Ce τα- τ; (ii) sina, (iii) z*cosz. 
35. (i) cos*2a, (ii) ΜΡ a (iii) 2 log, x. 
ae ‘ 322 —2a—1? 
., sin? a = Ε' "Ξε 5 
36. (i) πο π᾿ (1) x tan 1, (iii) 45:8, -Ἶ᾿ 
ΒΕ. ΡΝ (ii) sin?acos*z, (111) Δ log. x (n+ 1). 
37. (i) on 4+ 3x —2” : ᾽ an 
38. (i) oe (ii) wsinz, (iii) (a?—<2*)*. 


39. Integrate with respect to x: 


cos? x 
sin? x’ 


12 2: -ἰ ὅ 
[ (2. -- 3)(2. -- 1) 


to three significant figures, given that log,,e = 0-4343. 
40. Interpret by means of a sketch the definite integral 
[ve Ἔ. 5) dx, 
0 


and evaluate this integral. 


ρ sin x. 


Evaluate 
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41, Integrate the following functions with respect to x: 


x (a—1)(#—2) 
(1 —2?)?? +1 ᾿Ν 
2 
Evaluate ; xlog,xdx. 
1 


42, By a suitable change of variable, prove that 


it dz ἐπ᾿ da 
o l+sinz Jo 1+cos2’ 


and by means of the substitution ¢ = tan jz, or otherwise, evaluate 


one of these integrals. 


43. Integrate with respect to 2: 


5+ 32 


9 
ocosz, ——. 
> 1— 92? 


44, Integrate with respect to z: 
σύ (1 αὖ), J(1+2%), «ΝΑ Ὁ «ἢ. 


in 
Evaluate { sin 32 cos 2ada. 
0 


. 45. Explain the method of integration by parts, and employ it 


to integrate ,/(1 —2*) with respect to 2. 
Integrate with respect to x 


sin! z 1 μέ ‘ 
(l—2’ Π- αἰ!’ 6 (cosa2—sin2). 
46. Integrate with respect to 2: 
1 ain® x x +1 
x +x’ ᾿ w#—-11la+30° 
47. Integrate with respect to 2: 


1 1 
βίη - 9 οοβα᾽ 23+1° 


By integration by parts, or otherwise, integrate βίη -ἴ x, 
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48. Integrate with respect to 2: 


2—2 
] 


Prove that vers Ἴι- =H ἄν 
49, By integration by parts, show that 
[esin(a—a)dz 
0 


is equal to a—sina, 


and also to = wif, sin(e— —x)dz. 


ἜΣΕΙ: (1—cos*z)*sinz, χες, 


= sin-!3% -- ἰ. 


35 


From graphical or other considerations prove that, if 0<a<z, 


then α α 
Ϊ αϑοθιν(α -αγάς« | ada, 
0 0 


avid’ decane thas Ϊ αὐϑίοζα elder cba 
0 


50. Integrate with respect to 2: 


l 
“Ey ideals 
7 
Evaluate Ϊ χ 510 πα. 
0 
51. Integrate with respect to 2: 
a , xsec?2, 
in 
Evaluate Ϊ sin 5a cos 3262. 
0 
52. Integrate with respect to 2: 
—— 6 3 cos* x sin? x 
2x? — κα — 3’ 


$7 
Evaluate { x* sin adz. 
0 
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2 
53. Integrate ( +3) with respect to x, and evaluate 


(l—2)dax 
[δου nee, [εἶεν 


54, Evaluate the definite integrals: 


π : 
i cos* 2xdz, i «log xdx. 
0 1 


ta 
If u, = | a"*singdz, andn>l1, show that 
0 


Un, = π({π)""} —n(n— 1) u,_., 


and evaluate u,. 


55. (i) Prove that, if 
I, =x sec" xdzx, 


then (n—1)J, = tanzsec”-*2+(n—2)I,_». 
Use the formula to evaluate 


ἐπ 
i sec edz. 
0 
(ii) Find the positive value of x for which the definite integral 
1-?t 
\qarn® 
is greatest, and evaluate the integral for this value of z. 
56. Prove that 
+ (sin™+1 x cos”-! x) 


= (m+n) sin™ x cos” x —(n—1)sin™ x cos"—* xdz, 


and deduce a formula connecting 
in ἐπ 
i sin” x cos” «dz, [ sin” x cos”—* χά. 
0 0 


Evaluate 
tn in 
i sin’ x cos' adz, | sin’ x οοβῦ adzx. 
0 —tin 


REVISION EXAMPLES III 37 
57. Prove the rule for integration by parts and use it in finding 


[ert e0s ends, [eresint beds. 
Tf I, denotes { (a2 —22) "da, prove that, if n> 0, 
0 
In = ng ἴπ-ι 
58. (i) Find a reduction formula for 


[a+ayras, 
0 


and evaluate the integral when ἢ = 2. 
(ii) By integration by an show that, if 0<m<n, and 


re or ym” fancy —a)nh der, 


= {a"(1—a)"}da. 


then I= =m [am 


CHAPTER VIII 
TAYLOR’S SERIES AND ALLIED RESULTS 
1. A series giving sinx. By repeated application of the 


method given in Volume 1 (p. 53), we may establish that, when 
x is positive, sin x lies between the following pairs of functions: 


, x3 
(i) x and ws 
as x8 > gS κχ 
(ii) ae Ὁ and t— step 
(ii ote ΜῈ eee 
31 Bl si" bl 7’ 
(iv) pata © mnt oi 2 ὦ 
317 8] 71 31°81 71 OV 


A simple inductive step completes the argument. Moreover, the 
results as stated are equally true when z is negative, though the 
directions of the inequalities must then be reversed; for example, 
if x is positive, then 


x> τον.“ 
3!’ 


whereas, if 2 is negative, 


5 « ιν ἐν 
$i" 


In either case sin x is between x and x =. 

There is, however, a more significant form in which the state- 
ments may be cast: 

(i) sina differs from x by not more than iM where |x| stands 
for the numerical value of 2; 

(ii) sin x differs from x— ~ 


5 
by not more than ἂν 
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(iii) sin differs from tate 
[ας 
by not more than a3 
a αὐ gt 
(iv) sina differs from “τ Ἐξ τὶ 
9 
by not more than a 
and so on. 


We are therefore led to a series 


Ye ig δὲ 
sl δὶ ot δ᾽ “Ὁ 


2n—1 
whose n term is (— 1)" aT , with the property that sinz 


x 2n+1 
differs from the sum of the first n terms by less than οὐ ταν 


Let us examine this ‘difference’ term writing it in the 


form 
|x| [x] |x| |v] |e] [5] 


“1 ΠῚ * 25" on (2n4+-1) 


Suppose that x has some definite value, positive or negative. If 
we ‘watch’ m increase a step at a time, there will come a point 
when 2n+1 excceds |x|. Thereafter, the later factors in the 
product are less than 1; moreover the factor 


| x | 
(22+ 1) 


tends to zero as n continues to increase. By taking n sufficiently 
large, we may thus ensure that the value of sin x differs from that 
of the sum of the first n terms of the series 


rT eT  μαὰ 1 αϑητὰ 
—aitsi-mto ot 1) Qn-1l 


x 
by as little as we please. In that case, sinz is called the ‘sum to 
infinity’ of the series, and we describe the series as an expansion of 
sing in ascending powers of x. 
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EXAMPLES I 


1. Complete the inductive step in the argument to prove that 
sin x lies between 


ae 5 gin 
ida! ete l linn acmmmar tei .-- Ἐν». SS 
aie a a abe ai ee 
a3 2 τ 
and ear er Th aoa 


2. Obtain the expansion for cos as a series of ascending powers 
of x in the form 
xt x 


χϑ 
Ee ie Se — η..-} 
ist at ie 


gp2n—2 
(2n—2)! Ἔ.... 
2. A series giving 1/(1+x). Consider the sum 
S, = l—-xv+a?—23+...4+(—1)" 412", 
consisting of m terms. By direct multiplication, we have 


tS, = «e—2z*?+a3—-...4(—1)"- 22714 (-1)"12", 

so that (1 τα). Ξ 14+(-—1)""22, 
στὴ (—1)"-19" 

ὃς τ σατο Ὧν 
Hence 

] (—1)"2" 

ἘΞ Ee ee 2 —])r-lyn-1 

San l—-2+2*—2°+...4+(—1)*14%-14 ico? 
as is probably familiar. 


We have therefore obtained a series 
l—x+2*—23+..., 


whose n term is (—1)"~1z"-1, with the property that 1/(1+2) 
differs from the sum of the first n terms in this series by precisely the 
amount [5 {(1 -Ἐ 4}. 

Consider, then, the ‘difference’ term |2”/(1+2)|. When 2 lies 
between —1,1, so that —1<2<1, this difference can be made as 
small as we please by taking ἡ sufficiently large, and so we may 
ensure that, when |z|<1, the value of 1/(1+-) differs from that 
of the sum of the m terms 


l—a+2?—25+...4(—1)*127-1 
by as little as we please. 
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On the other hand, when |2|>1, the difference |2"/(1+2) | 
becomes larger and larger with increasing n, and the value of 


l—x+a?—23+...4+(-—1)"*2", 


so far from approximating to 1/(1+<), oscillates wildly as the 
number of terms increases when ἃ is positive, and increases 
beyond all bounds when z is negative. 

We have therefore obtained a series 


1—2+2?—2z5+..., 


which represents the function 1/(1+2) for a certain range of 
values of x (namely —1<2<1), but whose sum has no value 
when |2|> 1; in contrast to the series 


Fee, 
ore Stn 


which was shown (p. 39) to be an expansion for sinz for all 
values of 2. 

The intermediate values x= +1, x=-—1 require separate 
consideration: 

When x = +1, the series is 


1—1+1-—1+..., 


whose sum to n terms is oscillating, being 1 when n is odd and 0 
when ἢ is even. 
When z = —1, the series is 


1+1+1+1+..., 


and the sum of the first » terms increases indefinitely as ἢ 
increases. 

In neither of these cases can we assign a meaning to the sum 
‘to infinity’. 


3. Expansion in series. The two examples given in §$ 1, 2 
illustrate the way in which a function f(z) can be expanded as a 
series of ascending powers of x in the form 


Ay + A,X τα, + 0529+ ...+4,0"+...5 


possibly for a restricted range of values of x. They suffer, however, 
by referring to very particular functions, and the treatment 


4 M II 
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given for sinz and 1/(1+z) leaves us with no idea of how to 
proceed in more general cases. 

In the next paragraph we shall give a formula for the coefficients 
ἄρ, 1, ἄς,... in terms of f(x) and its differential coefficients and 
later we proceed to a more detailed discussion. First, however, we 
must say a few words about the meaning of the ‘sum to infinity’ 
in general; for a fuller treatment, a text-book on analysis should 
be consulted. 

Suppose that we have a series whose successive terms are, say, 


Uy, Ug, Ug, +.) Uy,-.-- It may happen that the sum of the first n 


terms 
8, =U t+Ugt...+Uy, 


tends to a limit 3 as ” tends to infinity. 
(or example, if «+1, 
1+a+274+...4¢7-1 = eae τ᾿ 
l—-z l-«x 
1 x 


so that, for this series, S,, = toe ties 


and, if |x|<1, § = lim §, = ;—-] 


n> cw — 2x 

In this case we call S the swm to infinity of the series. We write 
S = Uy tUgt ...$Ug tenes 

and say that the series converges to S. 


On the other hand, if S,, does not tend to a limit as n tends to 
infinity, the series has no ‘sum to infinity’, and the expression 


Uy +Ugt... Un +... 


has no arithmetical meaning. 

If the terms w,,% ,... of the series depend on 2 (as in the 
particular example just quoted) so also does the sum S,, of the 
first n terms, and the sum to infinity when there is one. We shall 
be concerned exclusively with series of the form 


Ay t+ Q,X+4ox*+...44,2"+..., 


where the coefficients ay, a,,... are constants, and we have seen 
($$ 1, 2) that such a series may converge for all values of x or for 
some values only. 
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Note. It is important to realize that the word ‘converge’ 
implies definite tending to a limit. A series such as 
1—1+1-—-1+1-1+..., 
for which S, = 1 when vm is odd and 0 when ἢ is even, has a 


finite sum for all values of n, but does not converge. The series 
is said to oscillate boundedly. 


4, The coefficients in an infinite series. We first assume 
that expansion in an infinite series is possible, and seek a formula 
to determine the coefficients: 

To prove that, if f(x) is a given function which Can be expanded in 


the form f(e) Say ta, e+ a.22 +... 40,2" +..., 


f(0) 

n!} 
where f™ (0) is the value of f™ (x) when x = 0. 

We assume without proof that (in normal cases) we can 
differentiate the sum of an infinite series by differentiating the 
terms separately and adding the results, as we should for a finite 
number of terms. Then 

f' (x) = a, + 2agx+ 3a,27+...+na,2"1+..., 
ζ΄ (a) = 2a,4+-3.2a,%4+4.3a,27+...+n(n—l)a,2"-*+..., 
7 (x) = 3.2a,4+4.3.2a,¢+...+n2(n—1)(n—2)a, "3+ ..., 
and so on. Putting x = 0, we have successively 
f(0) = ἄρ» 
7 (0) ΞΞ α,, 
f’’(0) = 2α;, 
ζ{΄(0) ΞΞ 3.24, 
f™(0) = 4.3.2.a,, 


then an = ᾽ 


and, generally, 
f™ (0) = n(n—1)...3.2a, = nia,. 
Hence 


, a " x te a” (n) 
F(x) = (0) +af (0) Ὁ sf (0) Ἐ τ (0) Ἑ ... Ἐπ} (0)+.... 
Note. This work gives no help about whether the function can 


be expanded; for that we must go to the next paragraph. 
4-2 
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ILLUSTRATION 1. A particle falls from rest under gravity in a 
medium whose resistance is proportional to the speed. To find an 
expression for the distance fallen in time t. 

If x is the distance fallen, then the acceleration is ¢ downwards; 
the forces acting per unit mass are (i) gravity, of magnitude g 
downwards, (ii) resistance of magnitude ké upwards. Hence 


&=9—kz. 
The formula just given, when re to this notation, is 
οι 


where 2p, %, 0» --- are the values of x, ὦ, ἃ, ... when ¢ = 0, 
From the initial conditions, 


t=0, &=0, 
so that & = 95 -- ἔζρ = σ. 
By successive differentiation of the equation of motion, we have 
ἄρ = —ki, = —kg, 
Zo = -- ἄρ = k*g, 


and so on. Hence 


1 (kt) (ke)? (μὴ 
ΣΝ τς ἢ 


The series converges for all values of ἐ. 


EXAMPLES II 


Use the formula of §4 to find expansions for the following 
functions: 


1. sing. 2. cosz. 3. 1/(1+2). 


5. Taylor’s theorem. We come to a somewhat difficult 
theorem on which the validity of expansion in series can be based. 

Suppose that f(z) is a given function of z, possessing as many 
differential coefficients as are required in the subsequent work. 


TAYLOR’S THEOREM 45 


To prove thal, if a,b are two given values of x, then there exists a 
number & between a,b such that, for given n, 


ΠῚ = fa) 6 -- α΄). 5 Ξ ™ pray +... 


(ὃ -- Ὡς (ὖ -- mle 


10a er f(a ὅδ) (ὁ 
Write 
F@) =f()-f@)- 0-2) @) -25* pre 
. (δ -αὴνς- a 1) (ay 5 x) R 


(n—1) (ὁ --α) ™ 


where R,, is a number whose properties will be described as 
required, and & is a positive integer to be specified later. We 
propose to use Rolle’s theorem (Vol. 1, p. 60) for F(z) exactly 
as we did (Vol. 1, p. 61) for the mean value theorem, of which 
this is, indeed, a generalization; we therefore want the relations 
F(a) = (δ) = 0 

By direct substitution of ὃ for x in the expression for F(x), we 
have F(b) = 


In order to obtain the relation F(a) = 0, we substitute a for x 
on the right-hand side and equate the result to zero; thus 
, b—a)* " 
0 = f(b) - α)-- (ba) (a) “δ᾽ f(a) - 


(6—a)"- 
~ (n—1)! 


We must therefore give to R,, the value 


* fon (α) -- — R,,. 


— 2 
R, =f(b)—f(a)— (6—a)f' (a) — PS pra) -.. 


_(6-a)- 


Pre ἯΙ ὁ ματα (a). 


We have now ensured the relations 
F(b) = F(a) = 


and so, by Rolle’s theorem, there exists a value £ of x between 
a,6 at which F(x) = 


A 


eee 
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The next step is to evaluate F’(x). This will involve a number 
of terms of which 
ΟΞ ΕΣ pra) 


is typical, and the differential coefficient of this term is 
car f+) (x) Pen f(z) 


I = (ὃ -- “)Ρ- 


Ὁ ΟΡ μρμν)-- ΞΡ" γῶν (0) 
Hence, remembering that R,, is a constant, we have 
Ῥω) =—f'(e)—{(0—2)f" ὦ) -- ΩΣ} 
-ξγω-ὁ- αν’ ο)- 


(am αν τ (6—z)** κω... ἈΞ)» " 
ar ὺ ©) waar aa? (a) + (@—aye “ν 
_ may kb — er ας 


(n) (x 
after cancelling like terms of opposite signs. But there is a 
number ξ between a, b for which F’(é) = 0, and so 


(6—a)*(b—£)"-* μα 
R, = —te-m 7 )(ξ). 


Equating this to the value of R,, obtained above, we have 
f(b) = fla) + (b—a)f’(a) + P58 pray... 


—a\k(h — £\n-k 


The value of & is still at our disposal. If we put k = n (as we 
might have done from the start, of course, had we so desired) we 
have 

R, = ΞΞ 2" pom, 
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and the result enunciated at the head of the paragraph follows at 
once. This gives us the most usual form for Taylor’s theorem, 
and we have adopted it in the formal statement; but there are 
advantages in keeping / more general, as we see below. 

The theorem is therefore established. 

The expression 


_(b—a)F(b—£)"* oy 
R= Fa-p 2 


is called the remainder after n terms. It is, in the first instance, 
what it says, namely a remainder, the difference between 


70) 


(ὁ -- = (6-a)"- 


"(a) +. G8 fom), 


and f(a)+(b—a)f'(a)+ 


The theorem just proved enables us, however, to express this 
remainder in the suggestive form (with k = n) 


ena" (6) 


by choosing é suitably. This expression is known as Lagrange’s 
form of the remainder. 

By giving ὦ other values, we obtain various forms for the 
remainder. In particular, when k = 1, we have 


_ (b—a)(b— £)"™ nin) 
R= (n— 1)! f 5 (ξ). 
This may be expressed alternatively by writing €, which lies 
between a,b, as a+ 6(b—a), where @ lies between 0 and 1. Then 
_ = -- α) (ὃ --α -- θ(Ὁ -- αὐ) 
(n—1)! 
(ὃ -- α)" (1 -- 0)"-* 
(n—1)! 


{™ {a+ O(b—a)} 


--- ---- f(™ fa + 6(b—a)}. 


This is called Cauchy’s form of the remainder. Though less ‘in 
sequence’ than Lagrange’s form, it enables us to deal with some 
series for which Lagrange’s form does not work. 
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ALTERNATIVE TREATMENT. There is an alternative treatment 
of Taylor’s theorem, based on integration by parts, which leads to 
yet another form of the remainder. The method is essentially a 
continued application of the formula 


! : (an f(a +t)dt 


= [- OEP paso] + POEM armas na 


- ᾿ f(a) + Ρ CHO μαρν(α dt, 


. τ 


the term —__— f) (α -᾿ ἐ) vanishing for ¢ = 6 when k>0. 


This ple may be expressed more concisely by writing 


ὃ 
pa Crm atid (>, 


so that Uy, = τ ' f® (a) + Ups. 
Hence τὴ = Of" (a) + Ue 
͵ δὲ vf 
= of Oa (a) + τῷ 


= (a) +55 cara es 


δν- 


= Of (0) + 5S" @) +t τη 


fa) +U,. 


Moreover, “= [Pe+nae = f(a+b)—f(a). 


Equating the two values of τ, we obtain the ‘Taylor’ relation 
(with our original “δ᾽ now replaced by ‘a+b’) 


br- 


fla+b) = = f(a) +bf'(a)+ 5 f"(a)+-. ‘thoi ΒΗ 


7 (n—1) (a) +R 


(ὁ -- ἐγ 


ἢ = | ——_— 
where τὰ ners τ 


fm(a+t)dt. 
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EXAMPLE III 
1. Prove that, if R,,(x) is the function of x defined by the relation 


R,(x) = {γι}: ὁ --α f(t) +. a a F σαν) --](), 
then δ’) = τ Ξ fore), 
and deduce that £&,(x) = “c= _ ith f (n't) dt. 


μας ΕἸ 


6. Maclaurin’s theorem. If we write b=a+h, Taylor’s 
theorem (with the Lagrange remainder) becomes 


n—1 
lah) = fla) +hf'(a) +5 f'"(a) + ot fa) 
+78, 
where € is a certain number between a,a+h. 


A convenient form is found by putting a = 0 and then renaming 
h to be the current variable z: 


Flt) = ΚΟ) +2 (0) + FF" (0) +. += δ") 
+= 78, 


where é is a certain number between 0,4. This important result 
is known as Maclaurin’s theorem. Compare p. 43. 
With the Cauchy form of remainder, the corresponding result is 


= f(0) +af'(0) +2 70 xn κατα (0 
F(x) = f(0) + 2f"( )+ xf ( i + (0) 
a*(1— 6)? κω 
ἊΣ (n—1)! 7" )(θα). 
where θ is a certain number between 0,1. 


7. Maclaurin’s series. The remainder R, in Maclaurin’s 
theorem appears in the form 


= f™(&) or a 1) (θα), 
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where ἔ lies between 0,2 and θ between 0,1. Then 


1 
Fl) = (0) + 9f (0) +--+ ey f°-Y (0) + Re 


It may be possible to prove that, as n becomes larger and larger 
(x having a definite value for a particular problem) the remainder 
Νὰ, tends to the limit zero. When this happens, the sum of the 
first n terms of the series 


fl0)+2f' 0) +E f"0) +. 


tends to the limit f(x), and so the sum to infinity of the series 
exists, and is f(z). 

The condition for the remainder to tend to zero may involve ὦ, 
so that it is fulfilled for some values of x but not for others. 

It is on this basis that the possibility of obtaining an expansion 
rests. The succeeding paragraphs give the details for a number 
of important functions. 


8. The series for sinx and cosx. Let 
f(x) =sinz. 
Then 
f'(x)=cosz, f(x) =-sinz, f'’(x)=—cosz, ..., 
so that 
f(0) = 0, Γ΄ (0) ΞΕ 1, Γ΄ (0) = 0, 7 (0) =-l, 
Hence the Maclaurin series is 
042.145.0425 (-1) 4 
ee © =z 
or *—si* sl 71 


To see whether the series converges to sinz, we consider F,,, the 
remainder after n terms, where 


R= f™ (8). 


The numerical value |/)(£)| is certainly not greater than 1, since 
f‘™(€) is a sine or a cosine. Hence 
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γι 
But (see p. 39) eh ad ψε τ 
n>o n! 


for all values of x, and so the series converges to sinz for all 
values of z, 
By similar argument, we obtain the expansion 


ees a 1 τς 
7) J Shon sa 


convergent for all values of z. 


9. The binomial series. Let 
f(x)=(1+2), 
where p may be positive or negative, and not necessarily an integer. 
at f'(@) = Ῥ(( ::«)»-, 
76) = p(p—1)(1 + 2)P-, 
7 () = p(p—1)(p—2)(1 +2), 
and, generally, 
f(a) = p(p—1)...(p—n+1)(1+2)?—. 
Hence 7(0) = 1, 
Κ΄ (0) = p, 
f° (0) = p(p— 1), 
£0) = p(p-1)(p—- 2), 


ltt ὁ ὁ ὁ αὶ αὶ ὁ ὁ αὶ ὁ αὶ ὁ ὁ αὶ Κ ὁ ὁ αὶ 


f™(0) = p(p—1)...(p—n+ 1. 


The Maclaurin series is thus 


1+ per PPT) ga PP PP) ass 


eee ate 9 991) a ρα δ ἀρὰς... 


If p ts a positive integer, the series terminates, giving the 
expansion, familiar from any text-book on algebra, 


(l+2)? = 1+¢,2+¢,27+...+¢,2?, 


_ P(p—1)...(p—n+1) _ p! 
Ce ee aL νι ππο 
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If p ts NOT α positive integer, we obtain an infinite series, and 
the conditions for convergence become important. We prove that 
the expansion 


(L+2) = 1+p24PP—)) att. PPR Ὁ. ἀρ τα Ἐἢ κα ee 
n 3 


where p is not a positive integer, is valid for values of x in the interval 
—l<z<\l. 
The Cauchy form of remainder* gives 


a2"(1— 9)r— 
2 = πα PP 1)...(p—n+ 1)(1 + θχ)ρ-π 


a on{ 1-2 \"" p(p—1)...(p—n+1) ᾿ 
= isa) ee" eh A ‘ 
Now 1—@<1+ θα 
whether zx is positive or negative, since —1<x<1,0<6<1., 
1—6@\"-1 
Hence —— 
(; ταὶ <1, 
Also, if p> 1, (1+ 0x)P-! < (1+|2|)?-, 
, 1 
and, if p< 1, 1 + G)P—2 = —______ 
=a aia (1+ 02)? 
1 


*(-Te 
For any given z in the interval —1<2<1, the product 
1—@\"-1 
(<n) (1 + Gac)P-1 


is therefore less than an ascertainable positive number A. 
Consider next the product 


pP(p—1)...(p— —"+1) is 
(n—1)! " 


which we denote by the symbol w,. Then 


ἥν; P(P—1)...(p—m+1)(p—2) κῃ (n—1)! 1 
Uy, n! ‘p(p—1)...(p—n+1)"2* 
BG Bac 
7ι 


* The proof which follows may be postponed, if desired. 
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‘Take n so large as to be greater than p. Then 


(μέ πὴ ΒΒ 
Un 


a Pia. 
7% 


Write y=}(1+]|z]), so that 0<y<1. Let n, be the first positive 
integer such that (n—p) |z|/n<y, that is, such that 


n(1—[2/)> —2p|zt. 
Then Ont : . δ Onl sine “not2 ; “noth 
Un | |Un—1} |Un-2} | Mnota| | Uno 
YY eYn nee YoYs 
so that [αἱ <|%ngly” "et? (n> M9). 


Since w,, is a definite ascertainable number, and since |y|<1, 
it follows that 


|u,|> 0 
as N-> 00. 
But |R,,|<Alu,|, 
when A is the positive number already defined. Hence 
|R,,|>0 


as n->oo, and the validity of the expansion is established. 


10. The logarithmic series. Let 
f(x) a (1+2). 


Then f'(x)= feet 


a ΜΕ 1 
5 an ar 
f(x ἢ - ΣΝ 
f(a) = eet 


be at ..γχ,8ὲ-- ἢ} 
f(a) =(— I oe 


and generally, 
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Hence (0) = log1 = 0, 


f™(0) = (-1)"1(a—1)! 


so that the Maclaurin series is 
x x3 xt 
ey Ce RY CY ar ay ee 
O+z.1+5( I+ a (2) Ἐπ|ί 3!)+..., 
or στ fat dade... $(—1) 4am... 


This expansion for log (1+) is valid for all values of x in the 
ie —l<z<l. 
When z = 1, we have the result 
log 2 = 1—44+4-—}+.... 
The case x = —1 is reflected in the graph (Fig. 62, p. 4) where 
y¥> -- ὦ as > 0. 


EXAMPLE IV 


1. Use the method given for the binomial series to prove the 
validity of the logarithmic series when —1<2< 1. 


11. The exponential series, Let 


f (x) =e 
Then Τ᾽ (z) = e, 
f" (ἡ) = e, 
and, generally, f™ (x) = &. 
Hence f(0) = f’(0) =f" (0) =...=1. 
We therefore have the Maclaurin series 
1 tate eee Se +4 “φῶ 


It may be proved that this expansion for e* is valid for all values 
of x. [See Examples V (1) below.] 
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CorotuaRy. The work of this paragraph enables us to fill a gap 
in the discussion of the exponential function (pp. 18-20) by 
obtaining an expression for the number e. Putting x = 1, we have 

1 


me ey et ee a ΞΡ 
6 ΞΞ ο᾽ 81 al “.0Φ 


EXAMPLES V 


1. Use the method given for the sine series to prove the validity 
of the exponential series for all values of 2. 


By direct calculation of the differential coefficients and substitu- 
tion in Maclaurin’s formula, obtain expansions for the following 
functions as series of ascending powers of 2: 


Ὁ, eo" 3. log (1+ 22). 4, sin 22. 
δ. 1/(1+2). 6. 1/(1—z)*. 7. cos 4x. 
8. e-2, 9. (1+ 2a). 10. log (1—32). 


12. Approximations. Ifthe successive terms in the expansion 
f(x) =a) +4, %+4_%7+... 


become rapidly smaller, a good approximation to the value of the 
function f(z) may be found by taking the first few terms. 


ILLUSTRATION 2. 70 estimate ,/(3-98). 
Writing the expression in the form 


(4—-02)? = 2(1—-005)t, 
we may expand by the binomial series (p. 51) to obtain 


2f1 + 4(—-005) + ἐς. 00524 HPD (_ 005924... 


= 2{1 —-0025 — 3(-000025) + 4,(-000000125)...}, 
and a good approximation is 
2(1—-0025) 
= 1-9950. 


A limit may be set to the error by means of Taylor’s theorem, 
as follows: 
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Since, for a general function f(z), 


ὯΝ 47 
Fle) = [0)- α΄ 0) ΕΞ. 2 (0) (0<8<1), 
the error cannot exceed the greatest value of 


= (02) 


(005)? 1 6 00000625 


or, here, = 2x “or _- 1 —-0050)'= a —-0058)F 


In the most unfavourable case, with θ = 1, this gives a value less 
than -0000063 for the error. 


EXAMPLES VI 
Estimate the values of the following expressions: 
1. (4-02). 2. (8-97). 
3. #/(8-02). 4, 8/(26-98). 
5. +9/(31-97). 6. 1/,/(9-08). 


13. Newton’s approximation to a root of an equation. 
Suppose that we are given an equation 


fle) =0 


and know that there is a root somewhere near the value x = a. 
Newton’s method, which we now describe, shows that, under 
suitable circumstances, a better approximation to the root is 


If the correct root being sought is =a+h, then 


Κατ ἢ) = f(é) = 0, 


80 that, by Taylor’s theorem for n = 2, with Lagrange’s form of 
the remainder, 


fla) +hf'(a)+ $"q) = 0 
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for a value of ἡ between a anda+h. If his reasonably small, then 
the term involving h? may be regarded as negligible for practical 
purposes. We therefore have 


f(a) + hf" (a) = 0, 
ge 
ai f(a)’ 
so that the root is approximately 
_ f(a) 
ἜΘ᾽ 


This crude statement, however, should be supplemented by 
more careful analysis, and the following graphical treatment shows 
the precautions which ought to be taken. 

We begin with an examination of the curve 


y = f(x) 


near the point ξ, taking first the case where the gradient is positive 
and the concavity ‘upwards’ near that point, so that f’(x),/’’ (x) 
are both positive. 


Fig. 66. 


(i) Let X be the point (ξ, 0) on the curve, and let A be the point 
for which 2 = a, where a> £; draw AM perpendicular to Oz, and 
let the tangent at A meet Oz in P. 

5 
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Then OM =a, 
AM = f(a), 
AM Ἢ 
PM ἘΞ tan pb, =f (a), 
so that PM = f(a) 
f'(a)’ 
and OP = Pr 
f'(a) 


But under our assumptions that f’(x),f’’(x) are positive near X 
(so that the gradient is positive and the concavity upwards) the 
tangent AP lies between AY and the curve, so that P lies between 
X and M. Hence, under these conditions, OP is a better approxima- 


tion than OM to OX. That is, a— ΛΩΝ is a better approximation 


Γ΄ (α) 
than a to the root. 
It is assumed that f’(a) is not zero, and, indeed, that f’(«) is not 
zero near the required root. 


(ii) Suppose next that, with the same diagram, B is the point 
for which x = b, where b< &, so that B lies ‘below’ Ox; draw BN 
perpendicular to Oz, and let the tangent at B meet Ox in Q. Then 


ON =6, 
BN = —f(6) sinoe f(b) is negative, 
on = tne -- " Ὁ), 

so that a roy 

and 09 = b- - 5 ἼΩΝ 


But now we cannot be sure that Q is nearer to X than N, for Q 
may be anywhere to the right of X according to the shape of the 
curve. Hence we cannot be sure whether b— - a is, or is not, a 
better approximation than ὃ to the root. 


NEWTON’S APPROXIMATION 59 


Similar argument applied to the accompanying diagram 
(Fig. 67) shows that the results (i), (ii) are also true if (the con- 
cavity still being ‘upwards’) the gradient is negative near X; P is 
closer than M to X, whereas Q may or may not be closer than 
N to X. 


Fig. 67. 


We have therefore proved, so far, that, if f’’ (x) 1s positive near &, 


the approximation a— f(a) ; is better than a itself when f(a) is positive. 


f'(@) 
It is easy to verify in the same way that, if f’’(x) is negative 


near &, the approximation a— Ae is better than a itself when f(a) 


is negative. (The whole diagram is merely ‘turned upside down’.) 
In other words, we can be sure of a better approximation if 
f(x) retains the same sign near x= a, that sign being also the 
sign of f(a). 
In more complicated cases, it is wise to draw sketches such as 
we have shown in order to determine how the tangent at A cuts 
the z-axis. It is, however, clear from the graphs that, for ordinary 


functions, the approximation a— rah is ALWAYS better than a 


itself once we come sufficiently close to the correct answer. In 
other words, once it is ascertained that an approximation is 
reasonably good, it may confidently be expected that Newton’s 


approximation will make it better still. 
5-2 
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ILLUsTRATION 3. An example where the answer is apparent 
from the outset may help to make the principle clear. Consider 
the equation 

a5 + $2 + 5a = 0, 
so that f(x) =23 + $2? + Sa, 
f' (a) = 80° +4f0+§, 
f(a) = 6a ῷ. 


It is obvious that x = 0 is one root, but let us attempt to reach — 


that value by approximation from (i) 2 = 1, (ii) x = —1. 
When zx = 1, 


16) ἊΣ ?, Γ6) ΞΕ 11, ζ΄ ἃ) - , 


so that f(1), f’’(1) have the same sign; moreover f’’(x) remains 


positive near x = 1 (in fact, down to z = —$, where f(x) is negative, © 


indicating a point on the other side of the root). Hence we expect 
Newton’s formula to give a better approximation; and since 


1 i ee ἘΝ 6 
ΤῸ aes 
this is actually the case. 
On the other hand, when x = —1, 


f(-)=-1, f(-)=%, f(-) =. 


Here, again, f(—1),f’’(— 1) have the same sign; but f’’(z) changes 
sign from negative to positive at ὦ = —§, which is near —1; we 
are therefore in a doubtful region; and since 


τι, fev 
ΓΞ 


the approximation is actually worse. 


=—1+3= 2, 


IntustTrRation 4. Τὸ find an approximation to that root of the 


equation 23—3¢+1=0 
which lies between 0,1. 
We have f(z) =x —32+ 1, 
f' (x) = 32? —-3, 
7) = 6a. 
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Since f(a) is positive when 2 lies in the given interval 0, 1, it is 
advisable to begin with an approximation which makes f(x) also 
positive. is 

Now fO%=1, f=, f4)=—-%. 

We should therefore like an approximation between } and ᾧ which 
keeps f(x) positive, and inspection shows that } appears very 
suitable. We then have 


7() Ξ ἐν fh) Ξ -ἰ, 


#8) 4h 
f(g) 72 

and the corresponding approximation is 

$+75 = ξἢ = 3472. 


so that + 


The correct root is :3472..., so we have already obtained four 
correct figures. 


ILLUSTRATION 5. If ἡ is a small positive number, to find an 
approximation to that root of the equation 


sing = 7% 


which lies near to x = 7. 

(The intersection of the graphs y = sinz,y = yz shows that 
there is a root near to 7.) 

Since sina = 0 and 7 is small, the approximation x=7 is 
reasonably good. 


Write f(x) =sin2z—72, 
so that f' (x) = cosx—y, 
f(x) =-—sin2. 
Then f(z) τ, --ηπ, f'(z7)=-1—-n, Κ΄ (πὴ) = 0. 


Although {π᾿ (πὴ is actually zero, so that the curve (Fig. 68) 
y = sinz—7z has an inflexion at x = 7, the concavity is ‘down- 
wards’ in the interval 0,7 and f(z) is negative; moreover the 
gradient f’(m) is also negative. The accompanying sketch shows 
that the tangent lies between the ordinate 2 = a and the curve, 
80 that Newton’s method will improve the approximation. 


62 TAYLOR’S SERIES AND ALLIED RESULTS 


The corresponding solution is 
...16) 
f'(=) 
artes A ates BO δὲ 
~ "(==)" T+n 149 


To the first order in ἡ this is, on expansion of (1+7), 


a(1—7). 


Fig. 68. 


Note. This solution is less than 7, as we expected from the 
diagram. 


14. Leibniz’s theorem. The theorem which follows is useful 
in calculating the higher differential coefficients necessary for a 
Maclaurin expansion. 

To prove that, if f(x) is the product of two functions u, v, so that 


then Me tise 


f™ (2) = a” v ΒΗ nl yr) vy’ oe «αὐ Ὁ υ" + oa 
+ 0p UP) yl?) + oo Ὁ ραν Ὁ) + ,.c, wo, 
where ,C, ts the binomial coefficient 


My, Pe ASIA 
5 pl(n—p)! 


We use the method of mathematical induction, assuming the 
result to be true for a certain integer NV, so that 


LY (x) = uM +... + yo, uN?) vl) + 0. + νον uv™), 
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Now differentiate this expression to obtain f“+)(z). The 
differential coefficient of a product such as uV—?)y) is 


ye N—PED yp) 4 y(N-P) y(P+)), 
As we write down these terms for the series on the right, we put 
the answer in two lines, the top line consisting of terms such as 


uN-P+)) py”) and the lower of u\¥-”)y+); also we displace the 
lower line one place to the right, thus: 


Now the coefficient of u'¥—?+) y?) is 


NEp + NCp-1 
N! ‘ N! 
p\(N-p)! (p—1)!\(N-p+))! 
N! 
pl\(N—p+l1)! 


_ (N+I)! 
~ p\i(N+1—p)! 


{((N-—pt+1)+p} 


= νε1ὔρ- 
Hence 


SND (α) = WD ot yyy Cp Ut) yp) +... τυ 


It follows that, if the theorem is true for any particular value Ν, 
then it is true for N +1, N + 2, and all subsequent values. But it is 
easily established when WV = 1, being merely the result 


f' (x) = w'v+uW', 
It is therefore true generally. 


Note. The expression is symmetrical when regarded from the 
two ends, and will equally well be written in the form 


fe) = οὐῦϑ +... +6, 0) oP) +... lp, 
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EXAMPLES VII 


Use Leibniz’s theorem to find the following differential 
coefficients: 


d* : ἃ" : 

1, ἡ. (#* sin 2). 3. τᾷ (x* sin x). 
5 

3. al ; (6235 cos 32). 4, τς (x3 eS), 


5. (a8 008-2) (n> 3). 6. Sabet) (n> 8). 


7 4 {2%(1— 2x) 8 © {2 (32+1)2} 


ItLustRaTion 6. To apply Leibniz’s theorem in finding αὖ 


Maclaurin expansion for 


f(x) Slog {a + J (a? + 1)}. 
We have 


Stites Qe 
ΣΎΕΣ t+ ΓΝ ἜΣ Ἢ Ἢ 
Ι 
~ Ja? +1) 


on simplification. Hence 


(x* +1) {f'(x)}? = 1. 
Differentiate. Then 


(2? + 1). 2f" (x) 7 (x) + 2aff’ (x)? = 0, 
or (a? +1) f" (x) +a" (x) = 0. 


Differentiate m times, using Leibniz’s theorem. Write the 
expansion from (x*+1)f’’(x) on the first line, and from af’ (x) on 
the second; note that the expansions terminate since (22+ 1)’” = 0, 
π΄ τε. We obtain 

n(n—1) 


(2? + 1) f°?) (x) +. fm (a) 44 12 fomr(x) 


+ 4.0.) mn .1f™(x)=0. 
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We require values when x = 0, so that 


μη) PPE +n 71 (0) = 0, 
or yee (0) = —n®f in (0). 
But f(0) = log1 = 0, 
and so f'"(0) =f(0) τε ... = f2"(0) = 0. 
Also f'(0) = 1, 
so that f'"(0) = —12.1, 


f(0) = +37.1, 
fo (0) = —52.3?.1, 


and so on. Hence the Maclaurin expansion is 
ag mane ieee 
5.1 Ἐπτ(--Ἠ ἢ) Ἐπτί(ϑ .1) Ἐπὶ δὅ5,33.1) + ..2, 


bat 1.995 1.3.82" | 
a ΦΉΣ Σ Se 1055 


converging to log {x + /(a*+ 1}} for such values οἵῳ (not considered 
here) as make the series convergent. 


EXAMPLES VIII 


Use the method of Illustration 6 to obtain the following 
expansions: 


1. f(z)= sin z. 
2. f(x) = tana. 
3. Prove that, if f(x)= cos(msin-'2), then 
(1 --- αϑ) f (+2) (x) — (2n + 1) af +) (x) + (m2 —n?) f™ (x) = 0. 
4. Prove that, if f(z) =(sin 2)’, then 
(1 -- αὐ) f(z) —(2n + 1) af 9 (@)—nP f(z) = O. 
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REVISION EXAMPLES IV 
‘Advanced’ Level 
1, Differentiate 


(i) eaz*lozde (ἢ ein Sarai 


If y = etsindz, and y’,y’’ are the first and second differential 
coefficients of y with respect to x show that 


(γ΄ —y?)? = b?y?(a?b?y? -- γ΄). 
Calculate the values of y’,y’’ when x = 0. 


2. Differentiate 


yeas = 20 sina /(1 ="), 
24+2 1+2 


2x+1 
log (secx+tan2), aaa ae 
Find the values of x for which 
24+1 
“5 --- 82 -- 2 


is a maximum or minimum, distinguishing the maximum from 
the minimum. 


3. If y = e*tanz, prove that 


d*y dy . 
τι 2 +tanz)7 + (1+2tanz)y = 0. 
Prove that y = we*tanz also satisfies this equation when wu is a 
function of x such that 
du du 


Verify that u = οοῦ is such a function. 


4, Differentiate y = sec” x tan” x. 

Deduce that the k” differential coefficient of sec”™x can be 
expressed in the form sec”2P,(tanz), where #,(tanx) is a poly- 
nomial in tan x of degree k. 

Evaluate P,(tan x) when both m and k are taken equal to 4. 
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5. Differentiate with respect to 2: 


1 z—3 
sagt 2log=—5: x “τὶ 


simplifying your answers as much as you can. 

Prove that the first function has a maximum at x = 1 and that 
the second function (whose differential coefficient vanishes at 
a = 0) has neither a maximum nor a minimum at x = 0. 


6. Find the first four differential coefficients of sin‘ 2. 
Show that the function 
a*(a—4)?+sin’ x 
has turning values at x = 0 and at x = ἐπ, and determine whether 
they are maxima or minima. 
7. Prove that, if y = sin?(z*), then 


ἀν _ dy = 
tra" l6a*y = 8.8, 


Prove that the result of changing the independent variable in 
this equation from x to ξ, where = 2’, is 


d*y 
qen 1 = b, 


where a,6 are constants to be determined. 
Prove also that, if A, B are any constants, the function 
y = $+A cos (2x?) + Bsin (22?) 
satisfies the first differential equation. 
8. Differentiate 
(e+) (cos ὦ - sec x)” 


with respect to x, and find the nth differential coefficient of 


“ἢ 


for all positive integral values of n, distinguishing the cases 
NS2 and n> 2. 
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9. Show that the or 


f(x~)=z--— 5.8 5- 5)a8 + <5 (w— 3) a5 


and its differential coefficient f’(z) have the same values as sinz 
and its differential coefficient respectively, at the values x = 0, 


x= +4. 


Show that the error in using τ f(x)dx as an approximation for 
ἐπ 

sin x dx is less than 0-1 per cent. 
0 


oss du (ας ὦ 
10. (i) Given that mn |e 
and that ὦ = 1,v = 0 when z = 0, show that 
d?(uv) 
i =? 


when x = 0. 
(ii) Given that y = ax” + ba!—, prove that 


2+ (n- 1)y = (2n—1) az", 


δὲν Y which does not contain a or b. 


and form an equation in 2, ae ἃ 


11. Differentiate with respect to z: 


J&) log sec x 
4«- 1} ὃ r 


a” { 1 n! 
Prove that dan (=) =F (—a)"ti ; 
and find the nth differential coefficient of 
πον AIA 
(1—2) (1— 22)’ 


12. Find the nth derivatives with respect to x of 


P ] l 
(i) ~ and ΕΞ ἜΤ’ 


(ii) sing and zgsinz. 
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13. (i) Find the derivative of y = sin*x with respect to z = cosz 
by evaluating the limit of dy/6z. 


(ii) Differentiate with respect to z: 


sin x δὲ ὰ ~2) 
ey (πολ Ἐπ), log. (e+e) 
1 d? x d*y | (dy\* 
(iii) Prove that ἄγ ἐπι" (2) ὃ 


14. Find from first principles the differential coefficient of 1/2* 


with respect to x. 
What is the differential coefficient of 1/25 with respect to 2*? 
Differentiate with respect to x: 


log,cosz, ζ. {1 -- αὖ), nex 


15. Find the nth differential coefficient of y with respect to x in 
each of the following cases: 
(i) y= 1/2", (ii) y =sin 22, (iii) y = e** sin 2x. 
There are three values of k for which the function y = a*e* 
satisfies the equation 
dey 13% d*y 
dx? “(5 
Find these values. 


dy 


wet = 


+y=0. 


16, Differentiate with respect to x: 
1 — 2x 1 
(1+ 32)?" ((1 +2?) 
Prove that, when y = at®?+ 2bt+c,t = ax*+2bx+c, and a,b,c 
are constants, dy 


eten’z = gin- 


Se ΒΝ 2 
7a 24a? (ax +b). 
17. Differentiate etanz. J (=). 


Show that, if y = sin θ, x = cos θ, then 


£ ἢ = —S sin 26, τ ἢ = 5sin 3θ. 
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18. A particle moves along the axis of x so that its distance 
from the origin ¢ seconds after starting is given by the formula 


x = acoskt+ takt, 


where a, k are positive constants. Find expressions for the velocity 
and acceleration in terms of t, and prove that the particle is not 
always moving in the same direction along the axis. 

Find the positions of the particle at the two times ὁ = 7/6k and 
ἐ = 137/6k; also find the position of the particle at the instant 
between these times at which it is momentarily at rest, and 
deduce the total distance travelled between the two times. 


19. A particle moves in a plane so that its coordinates at time ¢ 
are given by x = e'cost,y = e'sint. Find the magnitudes of the 


velocity and of the acceleration* at time ¢ and prove that the 


acceleration is always at right angles to the radius vector. 
Draw a rough sketch of the path of the particle, from time 
t= 0 to t=7, and indicate the direction of motion at times 0, 


ἐπ, 37, in, 7. 


20. A particle moves in a plane so that its position at time t is 
given by x=acospt,y =bsinpt. Find expressions for (i) the 
magnitude v of the velocity at time ἐ; (ii) the magnitude f of the 
acceleration at time ¢; and prove that there is no value of ¢ for 
which f = dv/dt. 

Prove also that the resultant acceleration makes an angle θ 
with the normal to the path, where 


2ab tan θ = (a? —b?) sin 2pt. 
21. A point moves in a straight line so that its distance at time ἑ 
from a given point O of the line is z, where 
x = tsint+ 6tcost—12sint. 
Find its velocity at time ¢, and prove that the acceleration is then 
— sin t—2icost+ 2 βίῃ ἐ, 


Determine the times (¢>0) at which the acceleration has a 
turning value, distinguishing between maxima and minima. 


* If v,f are the velocity and acceleration respectively, then v? = ώ5 +43, 
P= ξεν". 
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22. A particle moves along the axis of 2 so that its distance 
from the origin ¢ seconds after starting is given by the formula 
a = acospt. Prove that the velocity of the particle changes direc- 
tion once, and only once, between the times ¢ = 0, t = 27/p and 
that the change of direction occurs at the point x = —a. 

The distance from the origin of a second particle is given by the 


formula x = acos pt+ 4acos 2pt. 


Write down expressions for its velocity and acceleration at time t. 
Show that between ¢ = 0 and ¢ = 27/p the velocity of the particle 
changes direction three times, and find the values of # at which 
these changes occur. 


23. Prove that the equation of the tangent to the curve given by 
x= 324+1, y= 28-1 
at the point where ¢ = tana is 
y—xtana+tana+tana+1= 0. 
Show that the curve lies on the positive side of the line x = 1 


and is symmetrical about the line y = — 1, and prove that the area 
bounded by the line 2 = 4 and the curve is 74. 


24. Prove that there are two distinct tangents to the curve 
ψ τε --αν-ὶ 8 


which pass through the origin. Find their equations, and their 
points of contact with the curve. 
Give a rough sketch of the curve. 


25. A curve is defined by the parametric equations 
w=a(l—#), y=a(2-2)(1—2), 


where a is a positive constant. Prove that 

(i) the curve passes through the points A,O,B whose coordi- 
nates are (0, 6a), (0, 0), (— 3a, 0). 

(ii) the point ὁ is in the first quadrant when —1<t<1 and in 
the third quadrant when 1<t<2. 

Make a rough sketch showing the part of the curve correspond- 
ing to values of ὁ between —1 and +2. 

Find the equation of the tangent to the curve at O, and prove 
that the area bounded by the arc AB and the chord AB is 27a?/2. 


A - πα.-- --α--Ξ--- -- Ὁ -Ὁ ὁ -. -ς 
ys .-. τ τ τ΄ ὑπο ον ἢ δι δε 4 — . 
[ 
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26. Prove that the slope of the curve whose equation is 

y = 1+2+427+ 425 

is always positive. 

Show that the curve has a point of inflexion where x = — 1, the 
slope there being }. 

Prove also that the tangent at the point (0,1) meets the curve 
again at the point (—3, —2). 

Sketch the curve, indicating clearly the point of inflexion and 
the tangents at the points (—1, 4) and (0, 1). 


27. A,O,B are three fixed points in order on a straight line, 
and AO =p, OB=q. A fixed circle has centre O and radius a 
greater than p or q, and P is a point on this circle. Show that the 
perimeter of the triangle APB is a maximum when OP bisects the 
angle APB, and find the corresponding magnitude of the angle 
POA. 


28. Prove that the maximum and minimum values of the 
function y = xcos3x occur when 3tan 32 = 1/2, and discuss the 
behaviour of the function when x = 0. 

By considering the curves y=tan3z, y=1/z, show that 
maximum values occur near the values x = ξζπ, and minimum 
values near x = $(2k+1)z, the approximation becoming more 
exact as x becomes larger. 


29. Given that a?a*+b?y* = c®, where a,b,c are constants, show 
that xy has a stationary value c*/,/(2ab). Is this value a maximum 
or a minimum ? 


30. (i) A right circular cylinder is inscribed in a given right 
circular cone. Prove that its volume is a maximum when its 
altitude is one-third that of the cone. 

(ii) A right circular cone of height A stands on a base of 
radius Atana. A cylinder of height ἢ -- is inscribed in the cone. 
Prove that S, the total surface of the cylinder, is equal to 


2r{x? (tan? -- ὕδη α) -ἰ αὖ tan a}, 
and prove that, when tan a> 4, S increases steadily as x increases. 


31. P is a variable point in the circumference of a fixed circle of 
which AB is a fixed diameter and O is the centre. Prove that, 
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when OP is perpendicular to 4B, then the function AP + PB has 
qa maximum value and the function AP?+PB* has a minimum 
value. 


32. Iff(x) is a function of z and f’ (x) is its differential coefficient, 
show that, when ἢ is small, f(a+h) is approximately equal to 
f(a) + hf’ (a). 

Without using trigonometrical tables, find to three significant 
figures (i) the value of cos 31°, and (ii) the positive acute angle 
whose sine is 0-503. Give your answer to (ii) in degrees and tenths 
of a degree. 


33. Calculate 
(i) 8:06 to 4 significant figures, 
(ii) cos 59° to 3 significant figures. 
[Take a to be 3-142.] 
34. Determine to two places of decimals that root of the 


equation 
aa = 3-2104 
%+2 


whose value is nearly equal to 8. 


35. Determine to 3 places of decimals the value of that root of 
the equation ιν ὐ 


which lies between 1-5 and 1-6. 


36. Prove, graphically or otherwise, that, if n is a large positive 
integer, there is a root of the equation zsinz = 1 nearly equal to 
2m. Show that a better approximation is 2nz + (1/2nz). 

37. Prove that, if 7 is small, the equation 

6+sin @cos θ = 2n cos 0 
has a small root approximately equal to 
n— oy. 


[You may assume the power-series expansions for sin @ and 
Cos @.] 


6 MII 
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38. Prove that the result of differentiating the equation 


dy 
n+1 times aioe with respect to x is 


(1+2%)$ 


Ys on rN Υ ΡΥ ἰδὲς lye = 0. 


i coe 
Hence verify that, if k is a positive integer and 
dk 1 ‘ 
= axk og (1 +2% ) , 
then z is a solution of the equation 


d*z d 
(140%) 55 42(b+ Le + k(k+ 1)z=0. 


39. By using Maclaurin’s theorem, or otherwise, obtain the 


expansion of log(1+sinz) in ascending powers of 2 as far as the 
term in 2‘, 


40. Prove that, if y = log, cos, then 


dy  ,dydy 
dat τ de δ᾽ 


Hence, or otherwise, obtain the Maclaurin expansion of log, cos 2 
as far as the term in 24, 
Deduce the approximate relation 


aa 


41. Prove that, if y = e"*, then 


ὧν dy 


* ἘΚ ἘΠῚ, τα περι] τὴ}, 


where t=tanz. 
Prove that the expansion of y as far as the term in 2? is 
y = 1+2+ 407+ 42%, 
42. Prove that, if y = sin (log), where z>0, then 


gat Y dy 
salle ντὶ Tez ote = 0. 
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By induction, or otherwise, = that 
qdrtty 


dant? 


οἷ ΣΙ 0% Bante) oY = 0, 


oe 
where ἢ is a positive integer. 
43. If y = e*logz, show that 


»Τῦ. (ὐ- ἡ “πε (--τὴν = 0. 


Find the equation obtained by differentiating this equation n 
times. 


44, Prove that, when y = e®sin bz, 


OY on 8's By = 
7 2α το τ (α +6*)y = 0, 
and that εν = y(a+bcot δα). 
Ὁ ἢ 
Prove that, if e@sinba = > 2", 
n=it! 
then Cn49— 2αο, ει + (a? +5*)c, = 0, 


and find the values of ¢,, C2, 63. 
45. If cosy = cosacosa, where 2,y,a lie between 0 and ἐπ 
radians and « is constant, find the values of y, τὶ ἫΝ when x = 0. 


Taking x to be so small that 2° and higher powers of x are 
negligible, use Maclaurin’s theorem to show that 


y = a+42* cota. 
Hence calculate y in degrees, correct to 0-001°, if α = 45° and 
x= 1°48’, [Take a = 3-142.] 
46. By using Taylor’s theorem obtain the expansion of 
tan (2+ 47) 


in powers of x up to the term in 2°, 
Hence calculate the value of tan 44° 48’ correct to four places of 
decimals. [Take T= 3°142.] 
6-2 
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47. Prove that, if y = log, (al then 
(i) © = 2e002, 


and (ii) the expansion of y in a series of powers of x as far as the 
term in 24 is 2a + 1.3, 

Find, correct to four significant figures, the value of y when 
2 = 1° 48’, taking 7 = 3-142. 


48. Prove that, if y = (sin—!z)?, then 
2 
(1 — x") (2) = dy, 
2 
and (1 — 2) FY = 2. 


dx 
The Maclaurin expansion of y in powers of x is taken to be 


a a 
y= Agta, t+ 5,2? + ce Ἐπ IM ose 


Given that y = 0 when x = 0, prove that a, = 0 anda, =0. Prove 
also that a,,. = ”*a, when n> 0, and hence show that 


co 2n—1/(y — 
aa 22n-l(n — 1)! 


49. Ify = i “ὠμῶς, prove that 
1 


2 
ΕἼ = (1+ log 2) <A 


Find the values of the first four differential coefficients of y 
when x = 1, and, by using Taylor’s expansion in the form 


FUL+A) = f+ hf (+ Hef (1) +... 
11 
deduce that the value of Ϊ u“du is approximately 0-1053. 
1 


50. If y = tanz, prove that 
dy _ ay 
and find the third, fourth, and fifth derivatives of y. 
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Hence find the expansion of tanz in a series of powers of x 
up to “5. 


51. Prove that, if y = sin (7sin-z), then 
(1 — x?) (7 τὸν; = m?*, 


, ty 


dy 
2 — 
(1 αὐ oe ert my 0. 


Show that the first two terms in the expansion of the principal 
value of y in ascending powers of x are 


mx + 4m(1 —m*)2%, 


52, Find the indefinite intecrals: 


tan-!z 
2 
[ecwan, ta ---------- dz, E edz. 


If w, v are functions of x, and dashes denote differentiation with 
respect to 2, show that 


[(ὐ΄' τω γα: = uv’ —u'v'+u''v+ οοηδύδηῦ. 


53. Show that { “f(ae)dex = [(o—2)ae. 


ἐπ] —gin 22 in ‘ 
oe ee dx, 
Deduce that (Guan) ὁ [tanta 


and evaluate the integral. 


54, Find the indefinite integrals: 


x 


[elogede, lax [oat 


Prove that, when the expression e*sinz is integrated n times, 
the result is 


2-*" ρα sin (x—4in7)+F,_1, 


where P,_, is a polynomial of degree n—1 in ὦ. 
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55. Find the indefinite integrals of 


1 


1 
core, =, “Ἐπ: 
κὰν αϑία-Ἐ 1) (logz)?, 3—2cosz 


56. Find the indefinite integrals of 


2(1 +24) 


30 cos! 2 / 
cos*z, 272x*(log2)?, Γ- 


57. Integrate with respect to x: 


4 
a(1 +2) (1+22)° 
Evaluate the definite integrals: 


2 ἐπ dz 
] αν 6. 
[ a I, 1+3 cos?’ 


58. Find the indefinite integrals: 
x* dz dz 
| [oz cco Ϊ xsec* xdz, [tan xdx. 


59. Find the indefinite integrals: 


πὰ re cos xdx 
(i — 3,3 | dx, [2xtan xdz, [ΞΞ: costae 


60. Find the values of 


ἐπ π 
[ sin zdz, [costade, [ e* sin? xdz, 
0 


61. (i) Find the indefinite integrals of 


1 22+3 
a(a+1)?? g®4+274+2° 


(ii) By substitution, or otherwise, prove that 
1)ν 3 
[ xsin-zdzx = ἃ, [νῶν 1) ἀκ = 3} πῶ 
0 


62. Find the indefinite integrals of 


1 


cos® 3 -- 
«ἰ 3—2cosz2’ 


“ϑ sin 2. 
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Use the method of integration by parts to integrate 


2 
(1-2) TY 42 28 
twice with respect to 2. 


63. By means of the substitution x = «cos? +f sin* 0, or other- 
wise, prove that 


β dx 
|qe=3 (β--«}} τ΄ 


Prove also that 
[lene-npeane (55) [amo 


64. Prove that 


Ϊ * cost @d0'= In, { "οὐδ ϑάϑ ἐκ. 
0 0 


Find the area bounded by the curve r=a(l+cos@) and 
determine the position of the centre of gravity of the area. 


65. Find the equation of the normal at the point (ξ, βίη £) to 
the curve whose equation is y = sinz. 

Prove that, if ξ lies between 0, 7, the normal at P divides the 
area bounded by the z-axis and that are of the curve for which 
0 <2 <7 in the ratio 


'(2—cos  -- cos* ξ) : (2+ cos § + cos* ξ). 


᾿ e.g 
66. The ellipse aa h2 = ἶ 
is rotated through two right angles about the z-axis. Prove that 
the volume generated is $rab*. 


(i) Prove that, if a and ὃ are varied subject to the condition 
a+b =}, then the greatest volume generated is 27/81. 

(ii) The volume is cut in two by the plane generated by the 
rotation of the y-axis. Prove that the centre of gravity of either 
part of the volume is at a distance $a from the plane of separation. 


61. The complete curve x*/a?+y?/b? = 1 is rotated round the 
y-axis through two right angles. Find the volume generated by 
the area enclosed by the curve. 
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The semi-axes a and ὦ of the curve are each increased by e. 


Prove that, if « is small, the increase in volume is approximately 
$7a(a + 2b)e. 


68. OA is a straight rod of length a in which the density at a 
point distant x from O is b+cx, where ὃ and c are constants. Find 
the distance of the centre of gravity of the rod from O. 


69. The gradient at any point (x,y) of a curve is given by 


and the curve passes through the point (2,0). Find its equation 
and sketch the graph, indicating the turning points. 
Find the distance from the y-axis of the centre of gravity of a 


uniform lamina bounded by the curve and the positive halves of © 


the x and y axes. 


70. A lamina in the shape of the parabola y? = 4az bounded by 
the chord z = a is rotated (i) about the axis of y, (ii) about the 
line x = a. Prove that the volumes generated in the two cases are 


1873, Ξξπαϑ, 
71. Integrate with respect to x: 
sin?’z, sin*z, 2*cos2. 


The portion of the curve y = sina from # = 0 to x = ἐπ revolves 
round the axis of y. Prove that the volume contained between 
the surface so formed and the plane y = 1 is ζπ(πϑ -- 8). 


72. The coordinates of a point on a curve referred to rectangular 
axes are (al*,2at), where ¢ is a variable parameter which lies 
between 0 and 1. Make a rough graph of the curve. 

Calculate (i) the area enclosed by the curve and the lines 
x = a,y = 0; and (ii) the area of the surface obtained by revolving 
this part of the curve about the z-axis. 


73. Find the area contained between the x-axis and that part 
of the curve x = 2é?+1,y = f— 2ὲ which corresponds to values of t 
lying between 0 and 2. 

Find also the coordinates of the centroid of this area. 
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74. Prove that the tangent to the curve 


(z+ Jy = ya 
at the point (x,y) makes intercepts ,/(ax), (ay) on the axes. 

A solid is generated by rotating about the z-axis the area whose 
complete boundary is formed by (i) the arc of this curve joining 
the points (a, 0), (0, α), and (ii) the straight lines joining the origin 
to these two points. Prove that, when this solid is of uniform 
density p, its mass M is 7szpa'. 

Prove also that the moment of inertia of the solid about Oz is 
,Ma*. 


75. Find the area bounded by the curve x = 2a(i#®—1),y = 3at® 
and the straight lines x = 0,y = 0. 

Prove that the tangent to the curve at the point t= 1 meets 
the curve again at the point ¢ = — 4, and find the area bounded by 
the parts of the tangent and of the curve that lie between these 
points. 


76. Prove that the parabola y? = 2ax divides the area of the 
ellipse 4x2 + 3y? = 4a? into two parts whose areas are in the ratio 
4a +J/3 : 8π-- 3. 


77. The portion of the curve y? = δας from (a, 2a) to (4a, 4α) 
revolves round the tangent at the origin. Prove that the volume 
bounded by the curved surface so formed and plane ends per- 
pendicular to the axis of revolution is $*7a*, and find the square 
of the radius of gyration of this volume about the axis of revolution. 


78. Find the coordinates of the centre of gravity of the area 
enclosed by the loop of the curve whose equationis r = a cos26, 
which lies in the sector bounded by the lines 6 = + jn. 

Find also the volume obtained by rotating this loop about the 
line θ = ἐπ. 


79. Find the coordinates of the centre of gravity of the loop of 
the curve traced out by the point x = 1—#,y =t-#. 

Find also the volume obtained by rotating this loop about the 
line x = ψ. 


80. A plane uniform lamina is bounded by the curve ψ = 4ax 
and the straight lines y= 0,2 =a. Find the area and the centre 
of gravity of the lamina. 
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The lamina is rotated about the axis Oz to form a (uniform) 
solid of revolution. Find the centre of gravity of the solid and, 
assuming the density of the solid to be p, find its moment of 
inertia about the axis Oz. 


81. A lamina in the shape of the parabola y* = 4ax, bounded by 
the chord x = a, is rotated (i) about the axis of y, (ii) about the 
line x = a. Prove that the two volumes thus generated are in the 
ratio 3 : 2. 


82. Prove by integration that the moment of inertia of a 
uniform circular disc, of mass m and radius a, about a line through 
its centre perpendicular to its plane is 4ma’. 

The mass of a uniform solid right circular cone is M, and the 
radius of its base is a. Prove that its moment of inertia about its 
axis is τ α3. 


in 
83. Evaluate Ϊ cos”@d@ when n = 1, 2,3, 4. 
0 


The area bounded by the axis of x, the line 2 = a, and the curve 
x=asin@, y=a(l—cos@), 


from @= 0 to θ = ἐπ, revolves round the axis of x. Prove that 
the volume generated is $7a5(10— 37). 


84. The portion of the curve 2? = 4a(a—y) from x = —2a to 
x = 2a revolves round the axis of x. Prove that the volume con- 
tained by the surface so formed is ?37a*, and find its radius of 
gyration about the axis of revolution. 


85. Sketch the curve r=a(l+cos@), and find the area it 
encloses and the volume of the surface formed by revolving it 
about the line θ = 0. 


86. Find the three pairs of consecutive integers (positive, 
negative, or zero) between which the roots of the equation 


2 — 327+1= 0 
lie, and evaluate the largest root correct to two places of decimals. 
87. Show that the equation 
αϑ --- 82 -- Ἴ =0 
has one real root, and find it correct to three places of decimals. 
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88. Show that the equation 
x? + 227+ 3x+5 = 0 
has one real root, and find it correct to three places of decimals. 
89. For a function f having an Nth differential coefficient, 
Taylor’s theorem expresses f(a@+2) as a polynomial of degree 
Ν--1 in 2, together with a remainder. State the form taken by 


this polynomial, and one form of the remainder. 
Prove by induction, or otherwise, that 


= (65 sin x ,/3) = 2"e7 sin (2/3 + 4nz). 


Hence find the coefficients ας, in the Maclaurin series La, x” of the 
function e* sin z,/3. 
By means of Taylor’s theorem, show that when 2>0 the 


N-1 
difference between e*sinaz/3 and > a,” is not greater than 
n=0 
(2x) e* 
i 
[A proof showing that the difference is not greater than 
(2a)" e* 
(Ν -- 1} 
is acceptable if the form of remainder which you have quoted 
leads to the result. ] 


90. If ᾿ y = (1 - 2)“ log (1+-2), 


show that (+224 (1+2)y = l, 


Deduce the first four terms in the Maclaurin series for y in 
powers of x. 
91. Show that y = ἐν τω} 
satisfies the relations y’,/(1+2*) = ky, 
γ΄ (1 -Ἐα δ) γ΄ = ky. 
Deduce the mae 


k(k?—-1) ,  k®(k?—2? ) A 
3! Jig 4! 
Verify that this agrees with the series derived from the binomial 
Series when k = 1. 


y= Lhe +5 att 


CHAPTER ΙΧ 
THE HYPERBOLIC FUNCTIONS 


1. The hyperbolic cosine and sine. There are two functions 
with properties closely analogous to those of 0082 and sinx. They 
are called the hyperbolic cosine of x, and the hyperbolic sine of x, 
and are written as cosh and sinhz. We define them in terms of 
the exponential function as follows: 


cosh x = 4(e*+e-*), 
sinh x = }(e*—e-*), 


We establish a succession of properties similar to those of the 
cosine and sine: 


(i) To prove that  cosh?x—sinh?z = 1. 
The left-hand side is 
(et +e-#)*— (#2) 
= }{(c?*+ 2+ e-*) — (e* —24¢-%)} 
= [(4) 
= 1, 
(ii) Το prove that 
cosh (x+y) = cosha cosh y+ sinh x sinh ψ. 
It is easier to start with the right-hand side: 
}{(e* + e-*) (ον + e-V) + (e* —e-*) (ev —e-¥)} 
= ζΣ{{{ετὴν + eV + oF + e-F-V) + (et +Y — et -V — ett + et -V)} 
= ξ(ετῖν + e-*-¥) 


= cosh (x+y). 
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(iii) Similarly 
sinh («+y) = sinh x cosh y+coshzsinhy. 

(iv) As particular cases of (ii), (ili), 

cosh 2x = cosh*z+sinh?z, 

sinh 22 = 2sinhz cosh. 
CoROLLARY (i). cosh?z = }(cosh 2x%+1), 

sinh? 2 = 4(cosh 2a — 1). 


CoROLLARY (ii). Since 
cosha—1 = 2sinh* 
and sinh* is positive, it follows that cosh ἃ is greater than unity for 
all (real) values of x, i.e. cosh z> 1. 
Note. cosh 0 = 1, 
sinh 0 = 0. 
(v) To prove that cosh x = cosh (—2). 
The right-hand side is 
$(e* + e-)) = 3 (e* + 65) 
= cosh. 
(vi) Τὸ prove that sinha = —sinh(—2). 
For sinh (-- α) = ξ(ετα-- ἐπίπαν) = 4(e-*#-€) 
= —sinhz. 


Note. Sinhz is positive when ἃ is positive, and negative when x 
is negative. For example, if x is positive, then e” is greater than 
e~*, since 6 is greater than 1. Hence $(e*—e-*) is positive. 


(vii) 70 prove that 
d : 
5 (cosh x) = sinh2, 


ds. 
ἄς (Sinh x) = cosh x. 
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d ld 
We have = (cosh x) = a2. (e* + e-*) 
= }(e—e~*) 
= sinh z; 
a i; ld 


= Hert) 


= coshz. 

(viii) ΤῸ prove that 
| ctuhide «site. 
[sinh ade = cosh. 


These results follow at once from (vii). 
(ix) By the formule of (vii), we have the relations 


d? 
re (cosh x) = cosh 2, 
oS nl 


Thus coshz, sinhz both satisfy the relation 


(x) The following expansions in power series are immediate 
consequences of Maclaurin’s theorem: 


hz 42, Boge 
008 aitalt eit 
; ge wb a? 
sinha = 2+ apt ei tay te 


The series converge to the functions for all values of z. 
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2. Other hyperbolic functions. The following functions are 

defined by analogy with the corresponding functions of elementary 
trigonometry: 


cothz μι τ 
cosech ® = ΠΤ’ 
sech x -—.. 


sech? 2 +tanh?« = 1, 
coth? z—cosech*z = 1. 
are found by dividing the equation 

cosh? a —sinh* a = 1 
by cosh? a, sinh? x respectively. 

Note the implications 

sech*a<1, tanh?x<1. 
The differential coefficients are easily obtained from the 
definitions: 
(i) If 
y = tanhz = (sinh) (cosh x)", 


The relations 


then 2 = (cosh 2) (cosh x)—! — (sinh x) (cosh )-*sinh x 


= 1—tanh’?z 
= sech? xz, 
(ii) If 
y = cothz = (cosh 2) (sinh x)-, 
dy 


then (sinh x) (sinh x)-! — (cosh 2) (sinh x)~* cosh ὦ 


a = 
= 1—coth*?z 


= —cosech’z. 
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(iii) If y = cosechz = (sinhz)-, 
then = = —(sinhx)-*coshz 
= — cosech x coth z. 
(iv) If y = sech2 τὴ (cosh x)-}, 
then = —(coshx)~sinhz 
= —sech 2 tanhz. 


ILLustTRATION 1. A body of mass m falls from rest under gravity 
in a medium whose resistance to motion is gv*/k? per unit mass when 
the speed is v. Το prove that the speed after t seconds is k tanh(gt/k). 

Let x be the distance dropped in time ¢. Then the acceleration 
downward is # and the forces are 


(i) mg downwards due to gravity, 
(ii) mga*/k* upwards due to the resistance. 


Hence méi = mg —mga*|k*. 
Write =v. Then τ = g—gv"/k?, 
dv 
or k? Tiles g(k? — v?), 
Substitute v = ktanh θ. 


(This substitution is possible so long as v is less than k, since 
(p. 87) tanh* @< 1.) 


Then ἀξ .ksech? 0 τ = gk?(1—tanh? @) 
= gk* sech? 6. 
d@ g 
Hence a τ' 
so that 6 = T+ C, 


where C is an arbitrary constant. It follows that 


v= ktanh (7 +C). 
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Now we are given that v = 0 when ¢ = 0, so that 
0 = tanhC. 
Hence C = 0, 
and so υ = ktanh (σέ ἢ). 


Note that v = ktanh (gt/k) 
οὐσία ἘΔ e—vt/k 
= © ook 6- ΟἹ 


1 — e~*alik 
= 1+ e~2ul/k* 


Now as ¢ increases, e2%/* tends to infinity (see, for example, the 
diagram (Fig. 64) for e” on p. 18), so that e~*“/*> 0, Hence 


v—>k 


as t increases. In other words, v tends to a terminal value k as the 
time of falling increases. 


The example which follows deserves close attention. It brings 
out very clearly the points of similarity between the trigonometric 
and the hyperbolic functions.* 


ILLUSTRATION 2. Suppose that a 
particle P (Fig. 69), of mass m, is free 
to move on a fixed smooth circular 
wire, of radius a, whose plane is verti- 
cal. A light string, of natural length 
a and modulus of elasticity 2kmg 
joins P to the highest point B of 
the wire. We wish to examine what 
happens if P receives a slight dis- 
placement from the lowest point of 
the wire. 

Let AB be the diameter through 
B, and O the centre of the circle. Fig. 69. 
Denote by @ the angle 2 AOP. 


_* It may be postponed or omitted by a reader who finds the mechanics 
difficult. 


ν᾿ Mi 
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If x denotes the horizontal distance of P to the right of the 
vertical diameter AB, and if y denotes the depth of P below Ο, 


on x = asin 6, 
y = acos 6, 

Hence, differentiating with respect to time, 

ᾧ = a cos 6, 

ἡ = —aGsin 6, 
and # = alcos 0—aé?sin 6, 

ἢ) = —adsin 0—aé? cos θ. 
The acceleration f of P in the direction of the (upward) tangent is 
thus f = €cos 0—jsin θ 
= αὖ, 
[This is a standard formula of applied mathematics.] 


Now the forces on the particle are 


(i) the reaction R along PO, which has no component along the 
tangent; 


(ii) gravity mg, whose component along the (upward) tangent is 
—mg sin 6; 
(iii) the tension 7’, where, by definition of modulus, 


T = (modulus) (extension) 
~ natural length 


- 2kmg{2a cos $6—a} 
a 


= 2kmg(2cos}$6—1); 
the component of 7' along the (upward) tangent is thus 
7’ sin 30 
= 2hmg(2 cos }0—1)sin 30. 
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Equating the component of the acceleration to the component 
of the forces, we have the equation of motion 


αὖ = —gsin 6 + 2kg(2 cos $8 —1)sin 30. 


Now suppose that @ is small. By the work given on p. 38, the 
value of sin @ is nearly @ itself, while cos @ is nearly equal to 1. 
Hence the equation is approximately 


αὖ = —g0 + 2hg{2(1)—1} (44) 
= --σθ- κρθ. 
Hence we reach the equation 
αὖ = g(k—1) 8, 


valid during the time while @ is small. 

The argument now divides, according as k is less than or greater 
than unity; that is, according as the string is ‘fairly slack’ or 
‘fairly tight’. 


(i) Suppose that k<1. 


Then fi eee, 
a 
= —n* 6, 

where an? = (1—k)g. 


It may be proved that, when θ᾽ = —n?@, then @ must be of the 


me 6 = A cosnt+ Bsin nt, 


where A, B are constants. In the meantime, the reader may easily 
verify the converse result, that this value of @ does satisfy the 


relation. 
If we suppose that the particle is initially drawn aside so that 0 
has the small value «, then 6 = « when ¢ = 0, so that 


Α --,α. 
If also the particle is released from rest, then @ = 0 when ἑ = 0, 
so that Bi 


Hence θ = acos nt. 


———. 


ae ——_—— ὅνα 


------ Oe ee 


—— 


ee 


---- ee -- . - 


— 


= aa 
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Thus if @ is initially small, it remains small, and its value 
oscillates between +a. The equilibrium is stable at the lowest 
point, 


(ii) Suppose that k> 1. 


Then ὃ = e= Hg 6 
a 
= »5θ, 

where ap* = (k—1)g9. 


This equation is not satisfied by sines and cosines, but we can 
express the relation between θ and tin the form 


0 = Ae?! + Bev, 


where, again, the reader may verify the converse result that this 


value of @ does satisfy the equation. 
With the same initial conditions as before, we have 


a=A+B8, 
0 = Ap— Bp, 
so that A= B= tia. 
Hence θ = 4a(eP! + e—Pl) 
= acosh pt. 


As ¢ increases, cosh pt increases steadily to ‘infinity’ (since e?! 
does), so that @ ceases to be small. The equilibrium is unstable 
at the lowest point. 

The differential equation, in fact, ceases to be accurate once 6 
ceases to be small. 


It is instructive to consider the same problem under the 
alternative initial conditions that the particle is projected from 
the lowest point with speed v. Thus θ = 0,a6 = v whent = 0. We 
take the two cases in succession: 


(i) 6 = Acosni+ Bsinnt, 
where 0 = A, 
v/a = nB. 
Hence θ = (v/an) sin nt. 
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(ii) 6 = AcPt+ Bel, 
where 0=A+B, 
via = pA—pB, 

v v 
50 that A= Zap’ B= ~ Bap’ 

v 
Hence εἰ (ete) 

= (v/ap) sinh pt. 


The analogy between the pairs of solutions 
acosnt, acosh pt 
and (vj/an) sin nt, (v/ap) sinh pt 
affords striking confirmation of the analogy between the two 
classes of functions. 


EXAMPLES I 
Differentiate the following functions: 


1. sinh 32, 2. cosh? 25. 3. xtanh2. 

4, sinh? (25 -ἰ 1). 5. sinh x cos x. 6. sech asin? x. 
7. (1+2)® cosh? 82. 8. x* tanh? 4z. 9. logsinha. 
10. log(sinha+coshz). 1]. es, 12. gee, 


Find the following integrals: 

13. [sinh πάν. 14. sink? eae. 15. Ϊ οὐέδμενδς 
16. [sinh xde. 17. [et cosh nde. 18. [sinh 32-cosh ede. 
19, fesinbtxae. 20. | cosh? χά. 21. [eanbt ode, 


22. | x*coshxadz. 23. [etesinh διά, 24. [tanh xsech* ade. 
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Establish the following formule: 
Oe: sinh Ateink Bm Seinh <5 coch =F. 
55. anh. ἀνὰ B ὦ δ cosh Ἐπ’ sin 4 5, 
27. cosh A+cosh B = 2cosh Ὁ cosh. 
A+B .,A-B 


28. cosh A—cosh B = 2sinh τς sinh oe om 


29. Prove that, for all values of wu, the point (a cosh u, ὃ sinh u) 
lies on the hyperbola whose equation is 


all ὴβ 
αϑ δὲ 


and that the tangent at that point is 


- ἢ 


Ζ cosh u—2 sinh ὦ =], 
a b 


(But note that that point is restricted to the part of the hyperbola 
for which ~z is positive.) 


3. The graph y = coshx. The two relations 


y = coshz, » 

ae pen 

dz = sinhs 
give us sufficient information 
to indicate the general shape of 
the curve: 5 - 

Since 
cosh (—2z) = cosh (2), Fig. 70. 


the curve is symmetrical about the y-axis; and since 
cosh ΣΙ, 


the curve lies entirely above the line y=1. The value of y 
increases rapidly with x. 
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Taking xz to be positive (when it is negative the corresponding 
part of the curve is obtained simply by reflexion in the y-axis) we 
have sinh positive, so that the gradient is positive. Moreover, 
2 
τῇ = coshz, 
which is positive, and so (Vol. 1, p. 54) the concavity is ‘upwards’. 
The general shape of the curve is therefore that indicated in the 
diagram (Fig. 70). 


4. The graph y = sinhx. We have the relations 


y = sinha, y 
dy 
Ε νῆμα cosh 2, 
& ἂν 
Since ἢ: 8 positive, the gradient is ζ 


always positive, and y is an increas- 
ing function of x, running from —co 
to +00 as x increases from --οὐ 
to +0. 


At the origin, τ = 1, so that the Fig. 71. 


curve crosses the z-axis there at an angle of 47. Also 


which is positive for positive x and negative for negative. Hence 

the curve lies entirely in the first and third quadrants, with 

(Vol.1, p. 54) concavity ‘upwards’ in the first and ‘downwards’ in the 
2 

third. At the origin, a = 0, so that (Vol. 1, p. 55) the curve 

has an inflexion there. 


Since sinh (—2) = —sinh (2), 


the curve is symmetrical about the origin. 
The general shape of the curve is therefore that indicated in the 
diagram (Fig. 71). 


| 
| 


oS ee ἴω»ῳ-..- 
: 


=" 


96 THE HYPERBOLIC FUNCTIONS 


5. The inverse hyperbolic cosine. The problem arises in 
practice to determine a function whose hyperbolic cosine has a 
given value x. If the function is y, then 


x = coshy, 
and we use the notation 
y = cosh-lz 


to denote the inverse hyperbolic cosine. O| i 
The graph (Fig. 72) y = cosh-z is 
found by ‘turning the graph y = coshz 
through a right angle’ and then re- 
naming the axes, as shown in the A 
diagram. The graph exhibits two pro- mig: ΤΆ 
perties at first glance: 
(i) If x<1, the value of cosh—1x does not exist; 
(ii) Lf #> 1, there are two values of cosh} x, equal in magnitude 
but opposite in sign. 


We can express cosh-!z in terms of logarithms as follows: 


If y = cosh—!z, 
then x = coshy 
= 4(e+e), 
so that ev — 2Qrev4+ 1 = 0, 


Solving this equation as a quadratic in οἵ, we have 
ev --χτὶ {(53-- 1), 
and so, by definition of the exponential function, 
y = log {x+,/(x?-1)}. 
These are the two values of y. Moreover their sum is 
log {a+ yx — 1)} + log (ω-- γ(ωῦ-- 1)} 
= log [fx + Ja*-1)} fe— γα" -- 1)}] 
= log [z? —(2?—1)] = log 1 
= (0), 


Hence the two roots are equal and opposite. The positive root is 
log {a +./(x?—1)} and the negative log {a —./(~?—1)}. 
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To find the differential coefficient of cosh—1z, we differentiate 
the relation eahiy tis 
with respect to zx. Then 
sinhy 2 =1, 
dy 1 ] 
Γ ἄς sinhy γίοοβμδῳ -- 1) 


] 
= 27-1) 


The gradient is positive when y is positive and negative when y 
is negative. In particular, if we take the PosITIVE value of 
cosh, then 

dy 1 


dx J(x®—1) 
We can also obtain the result from the formula 
y = log {v+ (x? — 1)}, 
taking the positive value. For if 


μξεα- (“3 -- 1}}, 


du 2_4)-4 
then dg = tule 1) 


1 
= Jarry Me το = a 
dy dydu 
de ~ dude 


] " 


~ bl (a2— 1) 


᾿ ] 
-- ταξῇ 


Hence 


Note the corresponding integral 
[πῦξὰ =coshz (positive value) 
= log {x+  γ(α3 -- 1}. 
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6. The inverse hyperbolic sine. On ‘turning the graph of 
sinh through a right angle and taking a mirror image’, and then 
renaming the axes, we obtain the graph (Fig. 73) 

y = sinh z 


of the inverse hyperbolic sine of x, that is, of the number whose 
hyperbolic sine is x. The function sinh'z is a sINGLE-VALUED 
function, uniquely determined for all values of x. 

To express sinha in terms of 
logarithms, we write 

sinhz = y, 
so that 
x = sinhy = 3(e”—e-), O 

giving e/—2vevy—] = 0. 

Solving this equation as a quad- 
ratic in ον, we have 

ev = x+,/(z*+1). 

But (p. 19) the exponential function is positive, so that we 

must take the positive sign for the square root. Hence 
ev = x+,/(x? +1), 

or y = log {a+ y(z*+1)} 
without ambiguity. 


Fig. 73. 


To find the differential coefficient of sinh~!z, we differentiate 
the relation } 
sinhy = 2 


with respect to x. Then 


or oY 


1 
= ἘΞ εν 


‘But, from the graph (Fig. 73), the gradient is always positive, 
and so d 1 


of = 4 
dz γα: 1) 
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We can also obtain this result from the formula 
y = log {a+ J(x? + 1)}. 
For if u=x+(xz?+1)8, 
du im ‘ ἫΣ 
then ΧΩ" 1 + x(x? +1) 


l 
“Tati { (a? +1)+2} = χάτῇ iy 
dy dydu 
Hence dz ΞΞ duds 
] " 
“γα: +1) 
] 
~ J+)" 


Note the corresponding integral 
dx ἘΠῚ 
[πϑϑ = sinh-!z 
= log {a+ /(a? + 1)}. 


EXAMPLES II 
Find the differential coefficients of the following functions: 


1. xcosh—z, 2. sinh-1(1+2"), 3. tanh-'z. 
4. sech—'z. 5. cosech z. 6. log (cosh—z). 
7. xcosh—(a?+1), 8. (cosh—z)*, 9. 1/(sinh— 4). 
Find the following integrals: 
dx dx dz 
10, [πᾶ - Li [παξεν 12. [πῶξον 


dx dx dx 
oy oe anes ΝΣ ῬΌΘΓΑΝΝ Ὅν 


CHAPTER X 


CURVES 


1, Parametric representation. Hitherto we have regarded a — 


curve as defined by an equation of the form 


y = f(x). 


For many purposes it is more convenient to adopt a parametric 
representation whereby the coordinates x,y of a point 7' of the 
curve are expressed as functions of a parameter ἐ in the form 


x=f(t), y=g(t). 


(Of course, there is no reason why the parameter should not be 
x itself.) For economy of notation, however, we often write 


a=2(l), y= y(t). 


Familiar examples from elementary coordinate geometry are 
the representations 
=a’, y= 2at 
for the parabola y? = 4az, and 
4; τὶ οἱ, y=c/t 


for the rectangular hyperbola zy = οϑ, 

We confine ourselves to the simplest case, in which zx(é), y(t) 
are single-valued functions of ἐ with as many continuous differen- 
tial coefficients as the argument may require. 

The ‘dot’ notation 

δι, εἰ, 
will be used to denote the differential coefficients 


de dy dx dy 
di’ a’ dP’ δ’ 


The tangent at the point ‘t’ of the curve 
x = f(é), y = g(t) 
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may easily be found; it is the line through that point with gradient 


dy _y 

dz ἃ 
= g(t) 
fo) 


For the reader familiar with determinants, an alternative form 
of equation may be given: 
The equation of any straight line is 
la+my+n = 0. 
If this line passes through the point x = f(t), y = g(¢), then 
Uf(t)+mg(t) +n = 0; 
if it passes through the point x = f(t+ δέ), y = g(t+ dt), then 
Uf (t+ dt) +mg(t+ dt) +n = 0. 
Subtracting, we have the relation 
Uf (t+ 8t)—f()} + migti+ δὴ -- g(t} = 0, 
or, on division by δέ, 
- —g(t 
jflt+ δὴ ΠΩ, ,, 9+ 0-010 | Ὁ 
For the tangent, we must take the limiting form of this relation 
as 6t->0, namely if’ (t) +g’ (t) = 0. 
Hence, on eliminating the ratios 1:m:n, we obtain the 
equation of the tangent in the form 
x a 
fQ) gf 1|-0. 
fOQ σ(ἢ 0 


2. The sense of description of a curve. We regard that 
sense of description of a curve as positive which is followed by a 
variable point for increasing values of the defining parameter. 
For example, if the points A,P,Q (Fig. 74) correspond to ) the 
values a, p,q respectively, and if a<p<q, then the sense is APQ. 

It is important to realize that sense is not an inherent property; 
it is a man-made convention. Thus different parametric repre- 
sentations may give rise to different senses along the curve. 
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For example, the positive quadrant of the circle 22+ y? = 1 may 
be expressed with ἃ; as parameter in the form 


τα, y=+/(1—2%), 


As x increases from 0 to 1, the arc is described in the sense BA of 
the diagram (Fig. 75). On the other hand, if the polar angle @ is 
taken as parameter, we have 


x=cos#, y=sin#0 


As @ increases from 0 to ἔπ, the arc is described in the sense AB. 


3. The ‘length’ postulate. If we confine our attention to the 
simplest case, where the curve has a continuously turning tangent, 
as in the diagram (Fig. 76), then our in- 
stinctive ideas will be satisfied if we ensure 
that the length of a curved are PQ is nearly 
the same as that of the chord PQ when the 
points P,@ are very close together. For 
this purpose, we shall base our treatment of 


length on the postulate Ζ 
arc ΟΡ me 
qg>pchord@P ~*~ Fig. 76. 


Our aim is to let the derivation of all the standard formuls 
of the geometry of curves rest on this single assumption, together 
with the normal manipulations of algebra, trigonometry and the 
calculus, 
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The warning ought perhaps to be added that in a more advanced 
treatment it would be necessary to examine whether ‘length’ 
exists at all and to proceed somewhat differently. The present 
treatment suffices when dz/dt, dy/dt are continuous; this is true for 
‘ordinary’ cases such as we shall be considering. 


4. The length of a curve. Suppose that U P,P’ are three 
points on the curve (Fig. 77) 


P 
z=2(t), y=y(t) by 
given by the values u,p,p+ ὃ of the rm Q 
parameter. For convenience, we assume 
that 
u<p<pt dp, 


so that the curve is described in the 


sense UPP’, 
If P,P’ are the points (a, y), (7+ δα, ψ-Ὲ dy) respectively, then 
the length of the chord PP’ is 


V{(dx)? + (8y)}, 


whether dz, dy are positive or negative. 
Now the length of the are UP is a function of p, which we may 
call s(p). Thus, since are PP’ = arc UP’ —arc UP, we have 


arc PP’ = s(p+8p)—s(p). 


B s(p+8p)—s(p)  s(p+8p)—s(p) chord PP’ 
μεν eT a a 


ahora PP’ {{δρ) * (5p) 
~ chord PP’ ν \\Sp Sp} J 


If we proceed to the limit, as p> 0 so that P’> P, then 


Fig. 77. 


lim 8(p+ 5p) —s(p) = 8'(p); 
ὃ» -»0 dp 
aro PP’ ' 1 
p»pchord PP’ “ 
δὲ 45 _ Oy dy 


sesh OP Ὃ dp’ sp-> 0 OP ΡΝ dp 
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ν ἀχλξ /dyy\? 
Hence 8.(}) = Ae) +(34) ) 
where the POSITIVE square root must be taken since 8 increases 


with p. 
Replacing p by the current letter t, we have the relation 


s(t) = y(#? +9"). 
Integrating, we obtain the formula 


(Ὁ - [GG + (ar) } 


measured from the point U with parameter w. 


5. The length of a curve in Cartesian coordinates. If the 


coordinate x is taken as the parameter t, then the formula of §4 _ 


no )) 
oo that τ Τ' [p+ ie 


measured from the point where 2 = a, where the positive sense of 
the curve is determined by x increasing. 
In terms of the coordinate y, we have similarly 


ὡς [lela 


measured from the point where y = ὁ, where the positive sense of 
the curve is determined by y increasing. 


ILLusTRATION 1. To find the length of the arc of the parabola 
y* = 4ax from the origin to the point (x,y), where y is taken to be 
positive. 

The parametric representation is 

3 - αἴϑ, y= 2at, 


so that Z=2at, y = 2a. 


t 
Hence e= | 2a(e+ 1) dt. 
0 
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To evaluate the integral, write 


I = | Jes 1)dt 


t 
eit NO AY Te 
ἐψ({5.-Ὲ 1) fe Teri) # 
on integration by parts. Hence 


(@+1)-1,, 
we ἐψ(ι3- 1) [Ὡς i@+1) @ 
dt 
V(@+1) 
= t,/(#+1)—I+log {+ ψ( 3 + 1)}. 
Hence I = ht,/(@+1)+4log f+ J(@+ 1}}, 
so that 8 = at,/(?+1)+alog {t+ /(+1)}. 


= ἐγ ({5- 1) -- 1 -Ὁ 


6. The length of a curve in polar coordinates. Let the 
equation of the curve in polar coordinates be 


r= [(0). 
If @ is taken as the parameter, then the formula of ὃ 4 becomes 


1on~ f+) 


Now | = cos 8, y= rsin 6, 


where r is a function of 6. Hence 


dx _ dr dy _ dr 
746 = 9 cos §—r sin 8, 767 = 7p sin 8 +1 cos 8, 
dx\* (dy ai dr\? 
so that (2) + (73) = (2) +72, 


It follows that 


vf 
so that $(8) = [J (za) +7 49, 


measured from the point where θ = α, where the positive sense of 


the curve is determined by @ increasing. 
8 M I 
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ILLusTRATION 2. 70 find the length of the curve (a CARDIOID) 
given by the equation r = a(1+00s 0). 

The shape of the curve is shown in the diagram (Fig. 78). 


ee ee eer 
2 
(7) +r?=a*{sin? θ- (1+ 2cos @ + cos? @)} U 
= 2a7(1+ cos θ) = 4a* cos® 10. er 
Hence the length of the curve is Fig. 78. 
" 2a cos 8θαθ = sa sin go)” 
= 4a[sin (47) —sin (—47)] 
= 4α[1 -- (-- 1)} 
= 8a. 


Note. If we had taken the limits of integration as 0,27, we 
should apparently have had the result that the length is 


2a 
κ ἀρ οϑε tod’ 4a sin }0] 
0 0 
= 4a[sin 7 —sin 0] 
= 0, 
It is instructive to trace the source of error. This lies in our 
assumption that |(4a2 cos? 30) = 2a cos 40. 


When @ lies between —z, 7a, this is true, since cos}@ is then 
positive. But in the interval z, 27, the value of cos $6 is negative, 


so that |(4a2 cos? 46) = — 2a cos 329. 
Hence we must use the argument: 
{ (4a? cos? $6) dé 
0 


fe { "(4a cos? 40)d0 + [ *" (4a? cos? 40) d8 
κι { "2a cos $6d0— [ "2 cos $008 
᾿ ta sin jo)” —4alsin go] 


= 4a[1—0]—4a[0—-1] 
= 8a. 
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7. The ‘gradient angle’ Ψ. If the tangent at a point P of the 


‘ine y = f(z) 


makes an angle ψ with the z-axis, then 


dy _ 
ἢς = tany- 


The diagrams (Fig. 79) represent the four ways (indicated by 


the arrows) in which a curve may ‘leave’ a point P on it, the 
parameter being such that the positive sense along the curve is 


that of the arrow. 


re 


(i) Frrst QuADRANT (ii) Steconp QUADRANT 


dx+;dy+; cosy+;siny+. dz—;dy+:cosy—;siny+t+. 


(iv) FourtH QUADRANT 


(iii) TotRD QUADRANT 
dx—;dy—;cosy—;siny—. dx+;dy—;cospy+;siny—. 


Fig. 79. 


Thus πα is positive for (i), (iv) and negative for (ii), (iii); while 


a is positive for (i), (ii) and negative for (iii), (iv). 
8-2 
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But ἘΞ] = 1+ (74) = 1+tan*y¢ = sec*y, 
so that (i) = cos* ψ; 
similarly (2) = sin’ y. 


Hence τῷ τ have the numerical values of cos ψ, βίῃ ψ respectively; 


and, if we define the angle y to be the angle (whose tangent is “ἢ 
from the positive direction of the z-axis round to the positive 
direction along the curve, in the usual counter-clockwise sense of 
rotation, then the relations 


dx dy 
ia = COS ψ, 5 5: = sin ob 
hold IN MAGNITUDE AND IN sIGN for each of the four quadrants, 
as the diagram implies. / 
We therefore have the relations 


dx Oe . 
ἃς = C8, ἃς = ind, 


true for every choice of parameter by correct selection of the 
angle ψ. 


EXAMPLES I 


1, If the parameter is x, then ᾧψ lies in the first or fourth 
quadrant. 


2. If the parameter is y, then y% lies in the first or second 
quadrant. 


3. If the parameter is θ, then ᾧψ lies between 6 and 6+7 
(reduced by 27 if necessary). 


_ 4, What modifications are required in the treatment given in 
§ 7 if the curve is parallel to the y-axis? Prove that the formule 


dx ἄνα, εν : 
ἧς = 08%: τς = Siny are still true. 
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8. The angle from the radius vector to the tangent. 
The direction of the tangent to the curve 
r = f(9) 
may be described in terms of the angle ¢ ‘behind’ the radius 
vector. For precision, we define ¢ as follows: 


Fig. 80. Fig. 81. 


A radius vector, centred on the point P (Figs. 80, 81) of the 
curve, starts in the direction (and sense) of the initial line Oz; 
after counter-clockwise rotation through an angle @, it lies along 
the radius OP produced. A further counter-clockwise rotation φ 
brings it to the tangent to the curve, in the PosITIVE sense; this 
defines ¢. ὃν 

If we assume, as usual, that θ is the parameter, then the positive 
sense along the curve is that in which the length increases with @. 
Hence the angle ¢ lies between 0 and z, as the diagrams (Figs. 80, 81) 
indicate. 

By definition of ψ (p. 108) we have the relation 


p= 0+¢, 


with possible subtraction of 2π if desired. 
It is important to remember when using this formula that @ is 


the parameter used in defining ψ. 
Το find expressions for sin φ, cos ¢, tan φΦ: 
From the relations 
x =rcos8, y = rsin 0, 
Fg Cine 
we have = + Ὁ᾿ as ᾿ 
dy _ F sin 9. τοῦ cos 6, 
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so that (p. 108), when @ is the parameter, 


dr dé. 
ἃς (08 9-7 Ge sin @ = cosy = cos (0+¢) = cos¢cos @—sin dsin 8, 


dr . dé . ς 
ἃς 8 9 +r 5 cos 8 = βίη ψ = sin(@+¢) = cosdsin θ -᾿ βίῃ ᾧ cos 0. 


Solving for sing, cos¢, we have the formulz 


sing = 7%, 
sada, 
dé 
so that = r— 
a ἴδῃ ᾧ rT 


9. The perpendicular on the tangent. Let the line ON 
(Fig. 82) be drawn from the pole O on to the tangent at the point 
P of the curve 


r= f(@). 
Then, by elementary trigonometry, 
p=rsing 
dé 
= ΓΞ: 


This formula may be cast into 
an alternative useful form: 


1 1 (ds\* 
5 a (a0) 
1 (/dr\? 
= {(a) +7 
(3) 1 
τὶ τ Ἐπ 


If we write gu 
r 


S 


‘so that 


then hoe ( vo 
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Note. Since ¢ lies between 0, π, the value of sin ¢ is necessarily 
positive. We may retain the formula 


p=rsing 
generally if we allow p to take the sign of r. In any case, the 
numerical value of p is that of rsin¢. 

The expression for p in terms of Cartesian coordinates follows at 
once; for ; 
p=rsing 

= rsin (ψ -- 6) 
= γ βίη ψ 005 §—rcosysin θ 
= α' 5ῖῃ ᾧ --ὴῶῷ οοβ ψ, 


where (x,y) are the coordinates of P. 

It should be noticed that the step ¢ = 4—@ depends on the 
conventions adopted when @ is the parameter. If another para- 
meter (for example, x) is used, the sign attached to p may require 
separate checking. 


10. Other coordinate systems. The Cartesian coordinates 
(x,y) and the polar coordinates (r,@) are by no means the only 
coordinates available for defining the position of a point of a 
curve. Others in use are the intrinsic coordinates (s,y) and the 
pedal coordinates (p,r). The passage between Cartesian and polar 
coordinates is familiar. To pass from Cartesian to intrinsic 
coordinates, we have the relations 


dy 


da cos x, as sin ψ, 


ds 


or the equivalent 


= {00}. weed 


To pass from polar to pedal coordinates, we have 


δ. (Fi nares 
o rr 7) 2° 
We do not propose to develop the theory of these new 


coordinate systems any further. The following illustration 
demonstrates the use of some of the formule. 
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ILLUSTRATION 3. J'he PEDAL CURVE of a given curve with respect 
to a given pole. 

The locus of the foot of the perpendicular from a given point O 
on to the tangent at a variable point P of a given curve is called 
the pedal curve of O with respect to the given curve. 

Referring to the diagram (Fig. 82) on p. 110, we see that WV is 
the point of the pedal curve which corresponds to P. The polar 
coordinates of WN are (r,, 0,), where 


1 =P, 
0, = ψ-- ἦπ. 


Let us find the pedal coordinates (p,,7,) of Ν᾽ in terms of the pedal 
coordinates (p,7) of P. We have at once 


71 = Ὁ. 


Also, if φ. is the angle ‘behind’ the radius vector for the locus of N, 


= sing. + rsing @ 


dr dp 
= tan φί 7 sing +r eos 45%) 
= tan $F (rsing) = tang? 


dp 
= tan¢. 
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Hence d, = φ, 


since each angle lies between 0, π and @ is being used as parameter. 
It follows that ι 
Py = 7, 51 gy 

psing 

= pr, 
and so the pedal coordinates (,,7,) of NV are (p?/r, p). 


CoROLLARY. Since tan dy = po, and ¢=4¢,, we have the 


relation ἂψ 
ὕδῃ ᾧ ξΞ ἢ ----, 
φ-ρ dp 


true for any curve. 


11. Curvature. The instinctive idea of curvature, or bending, 
might be expressed in some such phrase as ‘change of angle with 
distance’, and it is just this conception which we use for our 
formal definition. 


Derinition. (See Fig. 83.) The 
CURVATURE κ at a point P of a curve ts 
defined by the relation 

ἀψ 
ΚΞ = as’ 

The value of « may be positive or 
negative, according as #% increases or 
decreases with s. 

For many purposes, the calculation of 
κ is best effected by the direct use of the 
definition. It is, however, useful to be able to obtain the formule 
in the various systems of coordinates which we have described. 


Fig. 83. 


(i) CARTESIAN PARAMETRIC FORM. 
If x,y are functions 2(t),y(t) of a parameter ¢, the relations 


= = cos ¢, = = sinys assume the form 


Z=éscos%, y= ἐ βίῃ ψ. 
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Differentiating, # = §cos—sbsiny 
= §cosd—s*xsiny, 

since ψ ἧς ὁ = κὃ; 
similarly ἢ) = §sing + 83 κ cose. 

Hence ὦ cos —#sin ys = 8x, 
or li = 8? 0, 

ἃ 
so that k= =, 
8 

where ὁ = /(z*+9%), 


with (p. 104) posrTIvE square root. 


Note. We must choose our parameter to avoid the possibility 
that = 0,y = 0 simultaneously. This can be done, for example, 
by identifying ¢ with x, when ὦ = 1. 


(ii) CARTESIAN FORM. 
In the particular case when x is the parameter, we have 


t= = = 1,and#=0. Hence, by (i), 


d*y 
dx? 


“τ πη 
t+ (aa) 
the denominator is POSITIVE since = is positive when zx is the 


da 
parameter. 
It follows that, with our conventions, the sign of « is the same as 


the sign of a4 Thus (Vol. 1, p. 54) the sign of « is positive when 


the concavity of the curve is ‘upwards’, and negative when the 
concavity is ‘downwards’. 
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(iii) PoLAR FORM. 
When @ is the parameter, we have the relation (p. 109) 


p= θ: ἐφ, 
ds ἀψαθ 
50 that k= ed = set 
dd\ dé 
- (1455) = 
ldr 
Now (p. 110) cotd = 70° 
nisi f= snag) 
so that cosec P70 = 77m 2\q6) ° 
1 1 (dr\?\ dé _ Tea (z6) 
“ -| +a(ap) 119" Τρ: γε αθ) " 
() per 
29) dé 
Hence te ΜΕΜΗΝ. οορ 
er 
(ia 
ar\* dr 
an ΤΡ = ΜᾺ . 
ἀθ 
ds εν" 
Also (p. 106) . on τ} ΠΡΑ ) 
the positive sign being taken since θ is the parameter. 
adr\* dr 
Hence ce ee 
yr (ST 
(+) 
(iv) ῬΈΡΑΙ, FORM. 
We use the Corollary (p. 113) 
db 
tang = p—, 
$= 25, 
giving tan¢ = a OF 
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dr ds 
But rg cos ¢, so that A sec¢. Hence 
dr 
tang = ἀμνῶν 
so that k= Lap 
r dr 


The sign conventions used in this proof imply that @ was 
originally taken as parameter on the curve; otherwise, the sign 
of « may require independent examination. 


12. A parametric form for a curve in terms of s. 
Suppose that O is a given point on a curve (Fig. 84). Choose the 
tangent at O as x-axis and the normal at O as y-axis. We seek to 
express x,y in terms of 8 as parameter, assuming that the condi- 
tions are such that a Maclaurin expan- 
sion is possible. 

The Maclaurin formule (p. 49) are 


x(s) = 2(0)+s2'(0) +5 2"(0) Ἔν... 


vis) = y(0) + 8y/(0) +55 ψ΄ (0) .... 


Fig. 84. 
Now τ = cos, 
so that oe = sing, 
ἜΝ ana 
aad © = sing, 
so that wit = oon GEE, 
oy = -sing (Zt) + 008 SE. 
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If we write x, «, to denote the values of x, = at the origin, then, 
since Ψ = 0 there, 
z'(0) = 1; ὡ΄ (0) = 0; α΄“ (0) = — κῇ, 
ψ'(0)-0; γ΄ (0) ΞΞ κι; ψ' (0) = Ko 
We therefore have the expansions 
x(s) = 8—}xis*+..., 
y(8) = 3x98? + 3x58? +... 
13. Newton’s formula. Zo prove that the curvature at the 


origin of a curve passing simply through it, and having y = 0 as 
tangent there, is oy 


Ko = nok . 
We use a method like that of the preceding paragraph to obtain 


the expansion, assumed possible, of y as a series of ascending 
powers of x. We have that, if 


υ = f(z), 
then f' (2) = = = tan yz, 


f(a) = sooty αν 


Thus f(0) = 0, [ (0) ΞΞ 06, f"(0) = κρ, 
42 
so that y = 7(0) + af" (0) Ἐπ. (0) + τῶν 
ΞΞ $x u? + ecce 
Hence = = Ky + (terms involving 2), 
and so, assuming conditions to be such that the remainder tends 


to zero with ὦ, 
lim ἐν = Ko- 
x 
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ILLUSTRATION 4. To find the curvature of an ellipse, of semi-axes 


a,b, at an end of the minor axis. 
Take the required end of the minor axis as origin (Fig. 85) and 
the tangent there as the x-axis. The equation of the ellipse is 


ΟΥ̓ ei. 


a Eee 
Hence y-b= x0 /{1-2]). 
a 
Jy 
O 
Fig. 85. 


For values of y near the origin, the negative square root must be © 


taken, giving 
SSD ΟΣ 
p= 1-,/[-aI 
la® lat 
= 1/15 Fat 
oe ge 
= τι ἀν Bait > 
2 GS . 
so that : ἀπ εξις - 
Hence eee lia? 
“-οὐ 
ὃ 
ae 
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14. The circle of curvature. The formule 


tany = τ, 
ay 
t+ (ae) 
show that, if the two curves 
y = [6], 
y = 9(5) 
both pass through a point P(g,7), so that 
fH = 98) = η, 
and if, further, Γ[(ὃ Ξ σ΄ (ἢ) 
and Γἢ Ξ σ΄ (ἢ), 


then the two curves have the same gradient and curvature at P. 
In particular, the circle which passes through P, touches the 

given curve y = f(x) at P, and has the same curvature as the given 

curve at P, is called the circle of curvature of the given curve at og 


mora BY Yp, YP> Yp" 


the values of y,y’,y” for the given curve at the point P(xp,Yp)- 
Suppose that the equation of the circle of curvature at P is 
(e—a)?+ (y—B)* = p*, 
where C (a,f) is the centre of the circle of curvature and p its 
radius. By differentiation of this equation with respect to x, we 
obtain the relations 
(x—a)+(y—f)y’ = 9, 
1+y'?+(y—B)y” “ 0. 
Since x,y, Μ΄, Μ΄ are the same for the circle of curvature as for the 


given curve, 
(xp—a)*+(yp—B)* = p’, 


(tp—ca)+(yp—B)yp' = 9, 
(l+yp")+(yp—B) yp” = 0. 
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Hence B= PU i San 
YP 


a= ap+{— — ee ye 


Yp (1+yp’*) 


= ta yp" 


where Κρ is the curvature of the given curve at P. 
We therefore have the formul 


+ ( +yp")t 
YP 
1 
=+t—, 
ΚΡ 
the sign being selected to make p positive. 


If the coordinates x,y of a point on the curve are given as 
functions of a parameter ¢, then 


dy _ dy [ἀπ 
dx ἀμ dt’ 

dxd?y dyd*x 
αν dtdt? dt dé? dt 
dx? dx\2 da’ 

(2) 
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so that, if dots denote differentiations with respect to J, 


dy ᾧ 
dx x 
dy _ ty—yt 
dx? gs " 


Δ, (tp? Ἐν») 3) 
Ep¥p—Yp Hp’ 
p= yp εβελε on") 
tpYp—Yptp 
(ὦ, +p")! 
tp¥p—Yptp 
] 


= +—. 
Kp 


Hence a=2 


The point C (α, β) is called the centre of curvature of the given curve 
at P, and p its radius of curvature. We are adopting a convention 
of signs in which the radius of curvature is essentially positive. 


Innustration 5. The curvature of a circle, and the sign of the 
curvature. 

Too much emphasis may easily be given to questions about the 
sign of curvature. Usually common sense and a diagram will settle 
all that is wanted. We give, however, an exposition for the case 
when the given curve is itself a circle, so that the reader may, if he 
wishes, be enabled to examine more 
elaborate examples. 

The difficulties about sign arise, 
with our conventions, as a result of 
varying choices of the parameter 
used to determine the curve. We 
begin with the simplest case, in which 
the parameter is selected so that the 
circle is described completely in 
one definite sense as the parameter Fig. 86. 
increases. 

Let A (u,v) be the centre of the given circle (Fig. 86), and a its 
radius. Take a variable point P (2, y) of the circle, and denote by ¢ 


Ὁ ΜΗ 
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the angle which the radius vector AP makes with the positive 
direction of the z-axis. As ¢ (the parameter) increases from 0 to 2z, 
the point P describes the circle completely in the counter-clock- 
wise sense. Then 


x=u+acost, y=v+asint, 


so that “ = —asint, ἡ = acost, 


=-—acost, g=-—asint. 
Hence ὧδ 4? = a?, 

“ij —y# = a*(sin*t+ cos*t) = αϑ. 
We therefore have the relations 


) _(@ sa (a?) bs 


a = (u+acost 
a 


(—asin#) (0%) _ 


B = (v+asinit)+ = 


Hence for all points on a given circle, the centre of curvature is at 
the centre of the circle, and the radius of curvature is equal to the 
radius of the circle. 

The curvature at any point is 
therefore +1/a. With the present 
choice of parameter, the formula 
of p. 114 shows at once that 
xk=+1/a, but other parameters 
may give different signs. 

For example, if x is the para- 
meter, the sense of description of 


the curve is LPM in the upper 
part of the diagram (Fig. 87) and 
LOM in the lower, these being Fig. 87. 

the directions taken by P,Q re- 

spectively as x increases. We know (p. 114) that, when z is the 
parameter, « is positive when the concavity is ‘upwards’ and 
negative where it is ‘downwards’. Thus « = —I1/a in the are 
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LPM, and +1/a in the are LQM. In fact, if P(x, y) is in the are 
LPM, then y = vt dfa"—(e—w), 
where the positive sign is attached to the square root. Hence 


Pe —(x—u) 
Y= eeu 


so that l+y"? = aa 
" =I (~—u)* 
ων γ΄ πες τω, [α5-- 
α3 


Applying the formula (p. 114) for x, we have 


αΞ as 
=~ eee Wea 
1 


a 
Similarly we may prove that « = +1/a in the are LQM, where 
y = v—{a?— (z—u)?}. 


15. Envelopes. We have been considering a curve as the path 
traced out by a point whose coordinates are expressed in terms of 
a parameter. An analogous (dual) problem is the study of a 
system of straight lines 


la+my+n = 0 


when the coefficients 1,m,n, instead of being constants, are given 
to be functions of a parameter t, say 


L=f(t), m= g(t), n=h(). 
A familiar example is the system 
x—yt+at® = 0 
consisting of the tangents to the parabola 


y* = 4az. 
9-3 
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If we take a number of values of ¢, we obtain correspondingly a 


number of lines, which lie in some such way as that indicated in 


the diagram (Fig. 88). They look, in fact, as if a curve could be 
determined to which they are all tangents. More precisely, the 
diagram assumes that the individual lines are numbered in an 


Fig. 88. 


order corresponding to increasing values of the parameter, and the 
points of intersection of consecutive pairs (1,2), (2,3), (3, 4),... 
have been emphasized by dots. These dots appear to lie on a 
curve, and it is easy to conceive of the lines as becoming tangents 
to that curve as their number increases indefinitely. In that case, 
the lines are said to envelop the curve, and we make the following 
formal definition: 


Derrnition. Given a system of lines 
le+my+n = 0, 


whose coefficients 1,m,n are functions of a parameter t, the locus of 
that point on a typical line of the system, which is the limiting post- 
tion of the intersection of a neighbouring line tending to coincidence 
with it, ts called the envelope of the system. 

Consider, for example, the system of which a typical line is 


xz—yt+at? = 0. 
Another line of the system is 

x—yu+au* = 0. 
They meet where x=aut, y=a(u+t). 
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That point on the typical line to which the intersection tends is 
found by putting τ τε in the expressions for the coordinates, 


giving = al?, y = 2at. 
This is the parametric representation of the envelope, whose 


equation is therefore γ8 = daz, 


We may now find the rule for determining parametrically the 
envelope of the system of which a typical line is 


af (t) + yg(t) + h(t) = 9. 
Another line of the system is 
af (u)+yg(u)+h(u) = 0. 
Where these lines meet, it is also true that 
a{f(u) —f()}+ yfg(u) —g(t)} + {μ(ω) — A} = 0, 
or, on division by u—t, that 


f(u)-F) ,, gu)—9t) _, Fre) — Wit) 
ὡς “μας = a δα 


To emphasize the limiting approach of u to t, write ὦ τὸ ἐπὶ δέ. 
Then the point of intersection of the two lines μ᾽, ‘’ also lies on 
the line 


f(t+8t)—f() , _ g(t+ δὲ) -- σ() , A(t+ dt)—A(t) | 
Sg AS age ww) ET 


In the limit, as 5¢>0, this is the line 

af’ (t)+yq' (t)+h'(é) = 0. 
Hence the envelope is the locus, as t varies, of the point of intersection 
bias! sr a(t) +y9(t) + h(t) = 0, 

af’ (t)+yq9'(t) +A’ (t) = 0. 


InLustTRaTION 6. Τὸ find the envelope of the system 
xcost+ysint+a = 0. 
The envelope is the locus of the point of intersection of this line 


wish ee. cine —zsint+ycost = 0. 
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That point is x=-acost, y=—asint, 
and so the envelope is the circle 

a?+y? = a’, 


Note. Envelopes exist for many families of curves as well as for 
families of straight lines; but we are not in a position to give a 
treatment of the more general case. 


EXAMPLES II 
Find the envelopes of the following families of straight lines: 
1, (1+ 324. - 2ty+(1-#)a=0. 
2. xsect—ytant—a = 0. 
3. zcosht—ysinhi—a = 0. 
4, 2ix+(1—#)y+(1+)a=0. 
5. ta+y—a(®+ 2t) = 0. 
6. ®2—ty—c(f4—1) = 0. 


16. Evolutes. Particular interest attaches to the envelope of 
those lines which are the normals of a given curve. Using the 
notation of § 14, denote by 

Ye, YP> YP" 


the values of y,y’,y’’ (where dashes denote differentiations with 
respect to x) for the given curve at the point P(zp,yp). The 
equation of the normal at P is 


Y—Yp = (—1/yp’) (α -- ἀρ), 
or E+Yp Y =Xpt+Yp Yp. 


Taking zp as the parameter, the envelope of this line is the 
locus of its intersection with the line 


Yp Y= 1+Yyp"Ypt yp”, 
(1+yp”) 
ψ»" > 
_¥p(l+ Yp") 
ψ»" 


‘so that Y¥ = Ypt+ 


t=Zp 
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Comparison with the results in § 14 establishes the theorem: 

The centre of curvature at a point P of a given curve ts that point 
on the normal at P which corresponds to P on the envelope of the 
normals. 


Dzriition. The envelope of the normals, which is also the 
locus of the centres of curvature, is called the evoluée of the given 
curve, 

IntustRaTtion 7. To find the evolute of the rectangular hyperbola 

sy = οἷ, 

Parametrically, the hyperbola is 

z=c, y=cft, 
and the gradient at this point is —1/i?. Hence the normal is 
y—c/t—t(x—ct) = 0, 


or ἐδ —ty = ct*—c. 
For the envelope, we have 
3i2—y = 4οἱϑ, 


The centre of curvature, being the point of intersection of these 
two lines, is given by 
2x = 3ci*+c, 


th 3 = sta) 
80 at z= ( 958 ᾽ 


The evolute is the curve given parametrically by these two 
equations. 


EXAMPLES III 
Find the evolutes of the following curves: 
1, The parabola (ai, 2at). 
2. The ellipse (a cost, ὃ sin#). 
3. The rectangular hyperbola (asec?, atant). 
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17. The area of a closed curve. Consider the closed curve 


PUQV shown in the diagram (Fig. 89). For simplicity, we suppose 
it to be oval in shape, and also, to begin with, to lie entirely in the 
first quadrant. 

The coordinates of the points V 
of the curve being expressed in Q 
the parametric form 


z=2x(t), y= y(t), P 


we suppose that the positive 

sense, namely that of ἐ increas- 

ing, is COUNTER-CLOCKWISE 

round the curve, as implied by Fig. 89. 

the arrows in the diagram. [If 

this is not so, replacement of ἐ by -- ὁ will reverse the sense.] Thus 
the curve is described once by the point (x, y) as ¢ increases from a 
value t, to a value ἢ. Moreover, since the curve is closed, the two 
values fp, t; give rise to the SAME point, so that 


a(to) = x(t); y(t) = y(h)- 
A simple example is the circle 
x=5+3cost, y= 4+3sint, 


described once in the counter-clockwise sense as ¢ increases from 
0 to 27. The values ἑ = 0, ¢ = 27 both give the point (8, 4). 

In order to calculate the area, draw the ordinates AP, BQ 
which just contain the curve, touching it at two points P,Q whose 
parameters we write as tp,tg, respectively. For reference, let U 
be a point in the lower arc PQ and V in the upper. Then the area 
enclosed by the curve can be expressed in the form 


area APVQ—area APUQ. 
The area AP VQ is given by the formula 


area APVQ = [νὰν 
ΖΡ 


integrated over points (x,y) on the are PVQ. Let us suppose first 
that the ‘junction’ point given by ¢, or ¢,, does not lie on this are. 
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Then the parameter ¢ varies steadily along the are, and the 
area 1s de 


-ς; dt. 
ip? di 


On the other hand, the ‘junction’ point J must then lie on the lower 
arc PUQ, so we write the formula for the area APUQ in the form 


area APUQ = { “yda 
ΖΡ 
integrated over points (7, y) on the are PUQ, giving 
J xq 
aie APUQ'= Ϊ yde+ | νὰ 
Zp J 


die ie 
= [vats [νι αι 


where the value ¢, or f, is taken for J according to the segment of 
the arc PUQ over which the respective integral is calculated, t, for 
PJ and t, for JQ. In all, the area enclosed by the curve is thus 


a(t [va 
ας (y= ate | yas 
va i” dl 7 di 
dx » dx 1 dx 
ee eet oe τ 4) 
{να + να a+ [να 


1 dx 
=—| y— αἱ. 
μὰ 
Similarly, if J lies on the are PVQ, we have the formule 


J το 
area APVQ = | yde+ | y dx 
xp J 


dx dx 


area APUQ = [νὰ 
xp 


dx 
= --- dt, 
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so that the area enclosed by the curve is 


bse fe4- bese 
=— (fig a [vg a [val 
-- [ναι 


Hence, in both cases, the area of the closed curve is 


dx 


In the same way, if we draw the 
lines CR, DS parallel to Ox (Fig. 90), 
just containing the curve, to touch it 
at R, S, and if L, M are points on the 
left and right arcs RS respectively, 


Cc 


then the area of the closed curve is | 
area CRMS —area CRLS. Fig. 00. 
How side CRIS ὦ [’ aide 
Ve 


integrated over points (x,y) on the arc RMS. If the ‘junction’ 
point J is not on this arc, we have 


For the area CRLS, the ‘junction’ point J must then lie on the are 
RLS, so we have 


In all, the area of the closed curve is (in brief notation) 


SU 0) 
εὐ δι 
-ἰχα 
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Similarly for the ‘junction’ point on the are RUS, we have 


ὦ 


ίς 
t dy 
=| dt 
Hence the area of the closed curve may be expressed in either of the 

forms ΕΞ 

--[γ-- dt, 
[να 
dy 

ἐ[ εἴα, 


where the closed curve is described completely, in the counter-clockwise 
sense, as t increases from ty to t. 

A useful alternative form is found by taking half from each of 
these: 

The area of the closed curve ts 


dy dz 
3), (a9) 


ILLUSTRATION 8. 7'o find the area of the ellipse 


Ca a 
mt pe =1. 


The ellipse is traced out by the point 
x=acost, y= bsint 
as t moves from 0 to 27. Then 
dx =—asintdt, dy = bcostdt, 
and 5 | (ay —ydzx) 


Qn 
Η] (a cost.bcost+bsint.asint)dt 
0 


“off 


= 7ab. 
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The restriction for the curve to lie in the first quadrant is not 


essential. For, if it does not, a transformation of the type 
e’=ax+a, y' =yt, 


for suitable values of a,b, can always be employed to bring it into 
the first quadrant of a fresh set of axes. But this shows that the 
area enclosed is 


1("/ dy ,de\., 1 dy dx 
[Ὁ vy TH = 5, (e+e yo +e) ghd 


{ἀν de dy dee 
[ὦ τ ΔΕ ba [Sat 4 [ἢ αι. 


since ἐρ» t; give the SAME point of the curve. Hence the area is 
1 [ΓΞ dy dz 
5 "ae~¥an) 


18.* Second theorem of Pappus. Suppose that a surface of 
revolution is obtained by rotating an arc PQ (Fig. 91) about the 
x-axis (assumed not to meet it). We proved (Vol. 1, p. 130) that, 
if PQ is the curve y =f(e), 


the area S so generated is given by the formula 


b 
g = | enya. 2 
α 


Now it is easy to prove that the 
y-coordinate of the centre of gravity of 
the arc is given by the formula 


y ds 


n= + ig. 91 


where / is the length of the arc PQ. (Compare the similar work in 
Chapter vi.) Hence f= Seat 


* This paragraph may be postponed, if desired. 
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Thus if a given curve, lying on one side of a given line, is rotated 
about that line as axis to form a surface of revolution, then the area of 
the surface so generated is equal to the product of the length of the 
curve and the distance rotated by its centre of gravity. 


InLustRation 9. ΤῸ find the centre of gravily of a semicircular arc. 

Suppose that the circle is of radius a (Fig. 92), and that the 
centre of gravity, lying on the axis of symmetry, is at a distance ἢ 
from the centre. 

On rotating the semicircle about its 


bounding diameter, we obtain the sur- 
face of a sphere, whose area is known to 
55 4na*. 

4na* = Ὥπη.πα, 


π Fig. 92. 


REVISION EXAMPLES V 
‘Advanced’ Level 


1. Find the equations of the tangent and normal at any point 
of the cycloid given by the equations 


z= a(2p+sin 24), y= a(1—cos 24). 


Prove that ψ is the angle which the tangent makes with the axis 
of x; and verify that, if p and q are the lengths of the perpendiculars 
drawn from the origin to the tangent and normal respectively, then 
q and dp/dys are numerically equal. 


2. Define the length of an arc of a curve and obtain an expres- 
sion for it. 
A curve is given in the form 


z= cosht—t, y=cosht+t. 


Express t in terms of the length s of the are of the curve measured 
from the point (1, 1). 

The coordinates of any point of the curve are expressed in 
terms of a and are then expanded in series of ascending powers of 8. 
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Prove that the first few terms of the expansions are 
y = ἜΝ ΩΣ 


3. Find the radius of curvature of the parabola y? = 4)x at a 
point for which a = c, and deduce that, if A varies (c remaining 
constant), this radius of curvature is a minimum when A = 4c. 

4, Prove that the radius of curvature of the curve 

y= 1. --.ὸδῖοσ (x>0) 
at the point (x,y) is (1+2*)?/4z. 


Find the point at which this curve is parallel to the x-axis, and 


prove that the circle of curvature at this point touches the y-axis, 


5. Prove that, if ψ is the inclination to the z-axis of the tangent 
at a point on the curve y = alogsec(z/a), a the radius of 
curvature at this point is asec y. 


6. A particle moves in a plane so that, at time ¢, its coordinates 
referred to rectangular axes are given by 


x= acos2t+2acost, y= asin 2t+ 2asint. 


Find the components of the velocity parallel to the axes and the 
resultant speed of the particle. 

Show that p, the radius of curvature at a point of the path, is 
proportional to the speed of the particle at that point. 


7. The coordinates of the points of the curve 4y* = 272? are 
expressed parametrically in the form (28, 843). By using this 


parametric representation, or otherwise, prove that the length of 


the curve between the origin and the point P with parameter t, is 
2(1+2)'-—2, 
and that the radius of curvature at P is numerically equal to 
6t,(1 + 6}. 


8. The tangent to a curve at the point (x,y) makes an angle # 
with the z-axis. Prove that the centre of curvature at (z, y) is 


REVISION EXAMPLES V 135 
A curve is given parametrically by the equations 
2 = 2acost+acos2t, y= 2asint—asin 2. 


Prove that ψ = — }t. 

P is a variable point on the curve, and Q is the centre of curva- 
ture at P; the point FR divides PQ internally so that PR = PQ. 
Prove that the locus of Καὶ is the circle z?+y? = 9a*. 

Prove also that no point of the curve lies outside this circle. 

Draw a rough sketch of the curve. 


9. The coordinates of a point of a curve are given in terms of a 
parameter ¢ by the equations x = te', y = ἐξ εἰ. Find dy/dz in terms 
of t, and prove that 

dy #+2t+2 
dz? (t+1)  ° 


Prove also that the radii of the circles of curvature at the two 
points at which the curve is parallel to the x-axis are in the ratio 
e? : 1, 


10. Express cosh‘ @ in the form 
a, +a, cosh θ +a, cosh 20 +a, cosh 36 - ας cosh 48. 
11. The area lying between the curve 
y = cosh (x/2A), 


the ordinates ὦ = +A*, and the z-axis is rotated about this axis. 
Prove that the volume of the solid of revolution so formed is 


a\(A+sinh 2). 


Show that the volumes given by A=1,A=1+6 differ by 
approximately 7(2+e) ὃ when 6 is small. 


12. Prove that the two curves 
=tcosh2z, y, = tanh 2x 


touch at one point and have no other point in common. 
Sketch the two curves in the same diagram and, with them, 


the curves y,=coshz, y,=sinhz. 


Prove that the four curves intersect in pairs for two values of x 
and indicate clearly in the diagram the relative positions of the 
four curves for all values of x. 
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13. If s be the length of the arc of the catenary y = a cosh (a/a) 
from the point (0, α) to the point (x,y), show that 
85 = y?—a?, 
Find the area of the surface generated when this arc is rotated 
about the y-axis. 


" 


14. Sketch the curve whose coordinates are given parametrically 
by the relations x = a(t+sint),y=a(l+cost) for values of ¢ 
between —z,7, and find the length of the curve between these 
two points. 


15. Find the radius of curvature of the parabola ψ = x at the 
point (2, 2). 


16. Find the radius of curvature and the coordinates of the 
centre of curvature at the point (0,1) on the curve y = cosh, 

17. For what value of A does the parabola 

y? = 4Ax 
have the same circle of curvature as the ellipse 
FS) εὐ tha 

at the origin? 

18. Find the radius of curvature of the curve 

y = sinaz* 

at the origin. 

19. Draw a rough graph of the function cosh 2. 


The tangent at a point P(x,y) of the curve y = ccosh(z/c) — 


makes an angle ¢ with the z-axis. Show that y = csecy. 
If the tangent at P cuts the y-axis at Q, show that 


PQ = xy|c. 
- 20. Find the radius of curvature of the curve 


ay? = 2° 
at the point (a, a). 
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21. Find the radius of curvature at the point t= ἐπ on the 


sisi x=asint, y =acos2t. 


22. Find the radius of curvature of the curve 
y= 22+2—1 


at the point (x, y) and find a point on the curve for which the centre 
of curvature is on the y-axis. 


23. Show that the radius of curvature of the epicycloid 
x = 3cost—cos3t, y= 3sint—sin 3t 
is given by 3siné. 
24, Sketch the curve whose equation is 
r=asin3@ (a>0). 


Find the area of the loop in the first quadrant and show that 
the radius of curvature at the point (r, @) is 


(5+4cos 60) 
ἐσ (7+ 3.08 60) ἢ 
25. Show that the two functions 
sinh! (tana), tanh (sin 2) 


have equal derivatives, and hence prove that the functions them- 
selves are equal when — ἐπ < & « ἐπ. 


26. Find the point of maximum curvature on the curve 
y = logz, 
and the curvature at this point. 
27. If y is the function of x given by the relation 
sinhy = tanz, 
where —42<2 «ἐπ, prove that 
coshy =secz, y= logtan(4x¢+}4z). 


Show that y has an inflexion at x = 0, and draw a rough sketch 
of the function in the given range. 
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REVISION EXAMPLES VI 
‘Scholarship’ Level 
1, Transform the equation 


αν 2 du “ 


d2 1-#d*0-2” 


to one in which y is the dependent and a the independent variable, 


where u(l—z)t=y and (1+2*)/(l—z*) =2, 


obtaining the result in the form 
(2-1) EY saat (22— 1) + ay = 0. 
2. If f(x) is a polynomial which increases as x increases, show 


that, when «> 0, 
g(x) = a, (y)dy 


is also a polynomial which increases as x increases. 
Show that, when «> 0, the expression 


(x2—2n+2)e" 2 
x x 


is an increasing function of x. 

3. Prove that 

1 d\"+ 1)” ])7+1 1 d\" 1)" 1)” 

σευ (Ὁ) (+I @— I} = (m4) (F) (e+ eI) 

Prove also that the function 

ἀλη 
(z) ἴτυν) 
satisfies the equation 
(1 -- — a) FY - τα) 2 (n+ 1)?y = 0. 
4. If y= sin(msin—'z), show that 


(1-2?) -~-a2—+m?y = 0. 
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Hence or otherwise show that the expansion of sinm@ as a 
power series in sin @ is 


maint OD inn 9 NP nt, 
,. 3 -- 1).. .[m?—(2n—1)?] . 
ἘΓῸ (25 Ὁ Π] ere |. 


5. By induction, or otherwise, prove that, if y = cot~>, then 
iit = (—1)"(n—1)!sinnysin” y. 
da” 
Hence, or otherwise, prove that, if 
οἱ ἑαυ ἃ _ sina 
= (; aaa) j 


then o (-- 1)5- Gas sin n (α -- 2) sin” (α -- 2). 


6. The function f,, (x) is defined by the relation 


ld"y 
f, A(t) = y do’ 
where y = e*. Prove that 


© = γον 
and deduce that 
fnsolX) — 2afn41(v) — (n+ 1)f,() = 0 
and that /,,(z) is a polynomial in z of degree ἢ. 
Prove that Fna(®) = fn’ (©) + 22fn (2), 
and hence express f,,.(v) in terms of f,(x), f,'(~) and ἡ," (Ὁ). 
Deduce ἔδαῦ 4,7"(x) + 2af4(2)— 2nfa(z) = 


7. If y = sina, prove that 


(1 -- oot —2x yg = 
Determine the values of y and its successive derivatives when 
2 = 0, and hence expand y in a series of ascending powers of x. 
10-2 


140 CURVES 
8. Prove that, if y = tan-!z, then 


uae = (n—1)! cos" y cos {ny + }(n— 1)z} 


for every positive integer ἢ. 
Deduce, or prove otherwise, that wu satisfies the differential 
equation | 
(3 
(1 +22) 55 + 2(n+ aS + n(n + l)u = 0. 
a” 
9. If Yn(%) = τα ἰ(ο" -- 1), 


prove the relations 


dy, 
ται -- (ω3 -- 1) Tn 4 (m+ 2) Ue dee + (Mtl) (M+ 2) Yn; 


d 
wont ς- 2(n + 12s Yn + 2(n+1)2y,. 
a. 
10. If Y,(x) = aie (2"e-*), 
prove that yy 2 M14 (na) yy 


I ldy oe τὰς dyn 

nde dg ὅν 
Hence show that the polynomial y,, satisfies a certain linear differ- 
d*y,, dy, 
da de Ye 


ential equation of the second order, jie. linear in 


11, Show that, if the substitution w= (4+) aay) is made in 


the equation du = P-t-193 
dt 
then iS ¥+ (+1) Na —y=0. 


Deduce that, if a is not a negative integer, then the value of 


a when ¢ = 0 is A 
(a+n)(a+n—1)...(a+1)’ 


where A is the value of y when t = 0. 
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12. Prove that the ga : = en — 2x)" satisfies the equation 


Ys nln + 1) πε any = 0. 


13. A function f(x) is defined for 0 «αὶ « as follows: 

O<a<l, f(x) = —4}2°+2; 

l<a<i, f(x) =—}0*+ 32-3. 
Discuss the continuity of f(z) and its successive derivatives. 
Sketch the graphs of f(x) and its derivatives throughout the whole 
interval (0, 8). 
Prove that the function 

πὰ 


fe) —Ssin™ 


has a stationary value at x = 1, and determine whether it is a 
maximum or a minimum. 


14. Prove that, if y = e~*’/? and n is a > ssi integer, then 


dnizy drtly 
dante * gantt 


The functions f,, (x) are defined by the formula 


t— + (n+ ie = 0, 


fale) = (—1yner®  (e-='), 
Prove that (i) fry = (νυ Ὁ 1) ΐ,» 
(ii) ἔμ ἣν “Ὁ. - ὦ 
(iii) fnve— Wnt (t+ 1)f, = 9, 
(iv) f,, is a polynomial in z of degree ἢ. 
15. Obtain the equations 
a= s—}nrsi+..., y= ἐκδ5 τ ἐκ' 85 -Ὁ... 


for a curve C. 
Prove that the equation of the general conic having 4-point 
contact (i.e. 4 ‘coincident’ intersections) with C at the origin O is 


a? — §p' xy + Ay’ — 2py = 0, 
where p = 1/« and A is an arbitrary constant. 


Deduce that the length of the latus rectum of a parabola having 
4-point contact with a circle of radius α is 2a. 
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16. Obtain the equations 


ἃ το 8—fx*s?+..., y= 4xs?+ hn's?+.... 


The point Q on the curve is such that P is the middle point of 
the arc OQ; the tangent at the origin O cuts the chord PQ at 7. 


Find the limiting value of the ratio ΤΡ : TQ as Q tends to O. 
Prove that, correct to the second order in s, the angle between 


the tangents to the curve at P and Q is ws(1 +38). 


17. Show that, if f(x) has a derivative throughout the interval 


a<x<b, then 
f(b) -- [(α) = (6—a) Γ΄ {a+ θ( -- α)), 
where θ lies between 0 and 1. 

Find the value of @ if f(x)=tanz, a = jn, ὃ = ἀπ. 

Draw an accurate graph of the function y = tanz between the 
limits 47, 47, taking 1 in. to represent εἶπ as the x-axis and 1 in. 
to represent 0-2 on the y-axis. 

Illustrate the theorem by means of your graph, 


18. Given that ev = coszx 
and that y,, denotes d"y/dz", prove that 
ay,+a°yi+1=0 


- and express y,,,. in terms of ¥,, Yo, ...» Ynat 
The expansion of y as a power series in z is 


y = b, a+ δ," see +62" + ene 


Prove that 6,, is zero when n is odd and that, if a is positive, b,, is 
negative when ἢ is even. 


19. Prove that the nth differential coefficient of e*¥* cosz is 


2” e#¥8 cos (« oo δ ς 
Deduce, or obtain otherwise, the expansion of the function as a 
series of ascending powers of x giving the terms up to z® and the 
general term. 
Find the most general function whose nth differential coefficient 
is e* “8 cosa. 
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20. (i) Prove by induction that, if x = cot θ, y = sin® 6, then 
dy 


τὰ" (—1)"n!sin”*+! θ sin (n+ 1) @. 


: ἄπ (1 fale) 
(ii) Prove that dan (a=) = (a?—1)"*7’ 
where f,,(x) is a polynomial of degree ἡ in =. 
Prove further that 
Snza(%) + 2(n +1) af, (x) + n(n + 1) (2? -- 1) f,-1(@) = 0. 
21. State, without proof, Rolle’s theorem, and deduce that 
there is a number & between a, ὃ such that 
f(6)—f(a) = (ὁ -- α) Γ΄ (8), 
explaining what conditions must be satisfied by the function f(z) 
in order that the theorem may be valid. 


If f(x)=sinz, find all the values of ¢ when a= 0,b = ὅπ. 
Illustrate the result with reference to the graph of sin z. 


22. If α is small, the equation sinw = aw has a root nearly equal 
to 7. Show that ΕΝ Dod) 
is a better approximation, if α is sufficiently small. 


23. A plane curve is such that the tangent at any point P is 
inclined at an angle (k+1)0 to a fixed line Oz, where k is a positive 
constant and θ is the angle zOP. The greatest length of OP is a. 
Find a polar equation for the curve. 

Sketch the curve for the cases k = 2,k = 3. 


24. Prove that 
yet gay ee μδλ 
dx? dat — ἘΣ dy? dy* — \dy 


dy\* > da\4 : 
(a (a) 

25. Obtain the expansion of sinz in ascending powers of x. For 
what values of x is this series convergent. 

A small are PQ of a circle of radius 1 is of length x. The are 
PQ is bisected at Q, and the arc PQ, is bisected at Q,. The chords 
PQ, PQ,,PQ, are of lengths c,}c,,4c, respectively. Prove that 
as(c — 20c, + 64c,) differs from x by a quantity of order 2’. 
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26. Sketch the graph of the function 


y= ο΄ απ δα" 

where α, are both positive. Prove that there are always at least — 
two points of inflexion. 

Find the abscisse of the points of inflexion when a = 19, = 5, 

dy dx d*y d*x 

27. If x = f(t), y = g(t), express a =; καὶ bl ON terms of 
dx dy dx dy dx’ dy’ dx* dy? 
dt’ dt’ d@’ di?” 

Prove that 


(=) (2) Sat gryPz 4 


dy) dx® dy® * * dx? dy 
28. The functions ¢(x),(x) are differentiable in the interval 


ας «ὃ, and ¢’(x)>0 for a<x<b. Prove that there is at least ~ 


one number ἔ between a,b such that 


P(E)—G(a) _ $'(E) 
p(b)—pé) ψ΄(ὃ᾽ 


If $(x) =2*, d(x) =z2, find a value of ξ in terms of a and ὁ. 
29. Prove by differentiation, or otherwise, that 
xy <e**+ylogy 


for all real 2 and positive y. 
When does the sign of equality hold ? 


30. (i) Prove that, for positive values of z, 


x(2+2) 
2(1- 4) 


(ii) Find whether e~ sec? z has a maximum or a minimum 
value for x = 0. 


log (1+2)< 


31. Show that, if f(0) = 0 and if f’(x) is an increasing function 


of x, then y = _ 7 LP) in an increasing function of x for a> 0. 


32. Prove that, if z>0, 
(1—}a? + sa*) sing > (w@— 423 + 54525) οο5 2. 
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33. If x>0, prove that (2—1)? is not less than a(log z)*. 
Discuss the general behaviour of the function 


(log 2)" — (#—1)~ 
for positive values of x and with special reference to x = 1. 
Sketch the graph of the function. 
34. Prove that, if x is positive, 
22 
2:15 
Prove also that, if a, are positive, then 
log (a+ 0h) —loga— flog (a +h) —loga}, 
considered as a function of 6, has a maximum for a value of 9 
between 0 and 3. 


-- < log (1+2)<z. 


35. If the sum of the lengths of the hypotenuse and one other 
side of a right-angled triangle is given, find the angle between the 
hypotenuse and that side when the area of the triangle has its 
maximum value. 


36. A pyramid consists of a square base and four equal 
triangular faces meeting at its vertex. If the total surface area is 
kept fixed, show that the volume of the pyramid is greatest when 
each of the angles at its vertex is 36° 52’. 


37. Find the least volume of a right circular cone in which a 
sphere of unit radius can be placed. 


38. Find the numerical values of 
y = sin (x+47)+}sin4z 


at its stationary values in the range —7<a<z. Distinguish 
between maxima, minima, and points of inflexion, and give a 
rough sketch of the curve. 

39. Prove that, if 

6=cotzx (0<@<7), 

th an 8 _ (—1)"(n—1)! sin” dain nd 

en ae = 1)}}5--1}} εἴ sin 8, 
when ἢ is any positive integer. 
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Show that the absolute value of d” @/dz" never exceeds (n—1)! 


if n is odd, or (n— 1) Leos ( 


7 ᾿ ° 
a 3) if nm is even. 


40. Find the two nearest points on the curves 
yr—4a=0, 2°+y?—6y+8 = 0, 
and evaluate their distance. 


_ 2x(1—2) 
“113 


41. If 


(i) find the maximum and minimum values οὗ y; 
(ii) find the points of inflexion of the curve; 


(iii) sketch a graph showing clearly the points determined in 
(i), (ii), and also the position of the curve relative to the line y = x. 


42. Prove that the maxima of the curve y = e~**sin px, where 
k,p are positive constants, all lie on a curve whose equation is 
y = Ae-**, and find A in terms of k, p. 

Draw in the same diagram rough sketches of the curves 
y = ὁ ἘΣ y = —e-* and y = e~sin pa for positive values of x. 


43. The tangent and normal to a curve at a point O are taken 
as axes. P is a point on the curve at an arcual distance 8 from O. 
Prove that the coordinates of P are approximately 


2 = 8—}x*s?, y = $xs*+ ἐκ' 88, 


where « is the curvature at O, and x’ the value of ἀκ ἀ8 at O. 

The tangents at O and P meet at 7’. A circle is drawn through 
O to touch PT at 7. Prove that the limiting value of its radius 
as P tends to O is 1/(4«). 


44, Obtain the coordinates of the centre of curvature at a point 
(x, y) of a curve in the form (x—psinys, y+ pcos), where p is the 
radius of curvature and tan ψ the slope of the tangent at the point. 
Prove also that, when s is the length of arc between (z,y) and a 

fixed point on the curve, dz/ds = cosy, dy/ds = sin y. 
The centres of curvature of a certain curve lie on a fixed circle. 


Prove that pe is constant. 
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45. Obtain the formula p = rdr/dp for the radius of curvature of 
a curve in terms of the radius vector and the perpendicular from 
the origin on the tangent. 

Prove that a curve for which p=>p satisfies the equation 
γῆ = p*+a*, where a is constant, and deduce that the polar 
equation of the curve is 

J(r?—a?) = a8 +acos— (a/r), 


where the coordinate system is chosen so that the point (a, 0) is on 
the curve. 


46. (i) Prove that the (p,r) equation of the cardioid 


r = a(1+cos 8) 
is 2ap* = #5, 
Hence, or otherwise, prove that the radius of curvature is 
$a cos 38. 


(ii) Prove that the equation of the circle of curvature at the 
origin of the curve 
σιν = 2+ 2y?+ 8.3 


is 3(x* + y”) = 2(a+y). 
47, If y is a function of x, and 


x= €cosa—nsina, y= £sina+7 cosa, 


where a is constant, express a and ft in terms of 3 and we 
a’y | 
Deduce that es, = τ το 
τ} {Ὁ} 
and interpret this result. 


48. A curve is such that its arc length 8, measured from a 
certain point, and ordinate y are related by 


y® = 83 -| οἷ, 


where ¢ is a constant. Show that referred to suitably chosen 
rectangular axes the curve has the equation 


y = ccosh (2z/c). 
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If C is the centre of curvature at a point P of the curve and G is 
the point in CP produced such that CP = PG, prove that the 
locus of G is a straight line. 

49, Find the radius of curvature at the origin of the curve 

y = 27+ 3a? Qey+y? + 2y%, 
and show that the circle of curvature at the origin has equation 
3(x? + y*?) = δίῳ -- 25). 

50. Find the values of x for which y = 2?(~— 2)? has maximum 
and minimum values, and evaluate for these values of x the 
curvature of the curve given by the equation above. 

51. Sketch the curve defined by the parametric equations 

x=acos*t, y=asin%t. 


Show that the intercept made on a variable tangent by the 
coordinate axes is of constant length. 
Find the radius of curvature at the point ‘?’. 


52. Find the points on the curve y(z—1)=2 at which the 
radius of curvature is least. 


53. Sketch the curves 
y= 2-2, y= 2z?—2%, 
and find their radii of curvature at the origin. 
54. Prove that all the curves represented by the equation 


a b a+b} ’ 


for different positive values of n, touch each other at the point 


fess as) 
a+b’ a+b) 
Prove that the radius of curvature at the point of contact is 
equal to (a? +62)! 
n(a+b)? 
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55. Establish the (p,r) formula for the radius of curvature of a 
plane curve. For a certain curve it is known that the radius of 
curvature is απ γι 1, where n+ — 1 and a is positive, and also that 
p = a/(n+1) when r =a. Show that it is possible to express the 
curve by the polar equation γῆ = (n+1)a”cosné. 


56. Show that the curvature of the curve a/r = coshn@ has a 
stationary value provided that 3n? is not less than 1. Determine 
whether this value is a maximum or a minimum. 


57. O is the middle point of a straight line AB of length 2a, and 
a point P moves so that AP. BP = οὐ. Show that the radius of 
curvature at P of the locus is 2c*r3/(374+a*—c*), where r = OP. 


58. Find the integrals: 
ἴω dz 
lav | er cos bude (a+ 0,6 +0), leo 


59. Prove that the area enclosed by the curve traced by the 
foot of the perpendicular from the centre to a variable tangent of 
the ellipse b?2? + a?y? = a*b? is 4a(a?+ 6). 


60. (a) Prove that, if 


F(x) = εἱς [ “e™ f(t)dt—e* { “ef (t)dt, 
0 0 
then (i) #(0) = 0, 
. (ii) F’(0) = 0, 
(111) F(x) — 31 (vw) + 2F (x) = f(x). 
(ὁ) Find the most general function ¢(z) which is such that 


| [seat = 224. 


61. Sketch the curve whose polar equation is r? = a*(1 - 8 cos 8), 
and find the area it encloses. 
nx 008 x+sin x 


62. (i) By differentiating the expression wig} τὼς 
otherwise, find "ἂς 
sin’ χ᾽ 


ΤῊΝ | x®(a+bx) 
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63. Sketch the general shape of the curve 
x=atcost, y=atsini 
for positive values of the parameter tf. 


Find an expression for the length of the are of the curve 


measured from the origin to the point t. 


64. (i) Prove that, if n is a positive integer, 


ἐπ 
i e* cosnzdx = {Ae — 1}, 
0 


1 
n?+1 
where A has one of the values +1, +; and classify the cases. 


(ii) Find the area bounded by the parabola y? = az and the circle 


e+y= 
65. Find the indefinite integral 


fies (1+2*)tan-! ada. 
66. Show that the four figures bounded by the circle r = 3a cos 8 
and the cardioid r = a(1+cos @) have areas 
ἧπαῦ, }na®, πα, na’. 
67. The polar equation of a curve is 
r?— 2r cos 6+ sin? 6 = 0. 
Sketch the curve and prove that the area enclosed by it is 7/,/2. 


68. Determine the function ¢(x) such that ᾿ 
1+ [ “b(t)eldt = (1 - οὐδοῦ. 
0 


Prove also that it is possible to find a pair of quadratic functions 
F(x), g(x) such that 


(142) f(a)=14 [ “g(t) dt, 


μη 
(1 -Ἔ “) σία) Ξ5Ξ8 - 9 1(ὃ αἱ, 
0 
and determine these functions. 
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69. A plane curvilinear figure is bounded by the parabola 
a? = +§°y from the origin to the point (13,5); by the hyperbola 
g?—y* = 144 from the point (13, 5) to the point (15, 9); and by the 
parabola y? = 44a from the point (15, 9) to the origin. Prove that 
the area of the figure is 33} + 72 log ἔξ. 


70. Prove that 


[τ -2)tde < [ΞΞΞΞ ae < [atc —aytae. 
Verify the identity 
x4(1 —a)* = (1 +2) (4— 4a? + δ. — 425 + 26) -- 4, 
and, by using this identity in the second of these integrals, prove 


er 3d itd 
7 630. 7 1260° 


71. Determine constants A, B,C, D such that 


+1 d (Far )t D 


(1) dx\ (a?+1) “5 Ε1 


Hence or otherwise prove that 


wA+1 
o502< [a Ty jy de < 0-503. 


72. Determine A, B,C, D such that 


o ἃ “eat ) D 
ari" zl (a? + 1)8 


z+]? 
and show that [τῇ πε aa" 


73. Lf y,(x) satisfies the equation 
d 9, dy 
7 \- ἘΣΣΙ ὴν = 0, 


show that [rate y,(~)dx=0 (m+n). 
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74, Polynomials f,(2x), f,(x), fo(x), ... are defined by the relation 


falt) =F (at 1) 


Prove that [. ful) f,(z)\dz =0 (m+n), 


(n!)? 
~ In+1 


Show that, if d(x) is any polynomial of degree m, 
$e) = Σα, ,(), 


2 
ας = ER 7 $2) f(a) de. 


75. If m,n are positive integers greater than unity, prove that 


where 


ἐπ 
In. [ cos™ x cos nx da 
0 


m m 
= π- παν = τη νι, "τὶ 
Hence show, if p,q are positive integers, that 
- .πίρ τ 4)! 
τα = 
[ οοϑρτας ο05(᾽ -- ᾳ) τας = ΣΤ ΤΥ 
76. Find a reduction formula for 


Ϊ (1 -- αϑ)ν cosh axde. 


Bvaluate i {Ea coahioede. 
0 


77. If y = sin? xcos¢x,/(1—k*sin*xz) and p,qg,k are constants, 


find ./(1 —k* sin? x) . 
Hence, by taking suitable values for p,q, express 


la [" sin” xdx 
J(1—# sin? 2) 1— k* sin? x) 


in terms of I,,», 1 n—4- 
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78. State and prove the formula for integration by parts, and 
show that lat 
is aN Ae ay pte ἈΣΟΟΘΕΟΙΕ 
[a τ νον eet 


79. Find the volume and area of the surface of the solid ebtained 
by rotating the portion of the cycloid 


2=a(0+sin@), y=a(l+cos@) 

between two consecutive cusps about the axis of z. 

[Consider the range —7< 0<7.] 

80. Prove that the envelope of the system of lines 

(®8—3t)a+(P+2)y=# 

is the curve ψδία Ἐν -- 1) = 2° 

81. Find the envelope of the line 

xsin 3t—y cos 3f = 3asinté, 


expressing the coordinates of a point of the envelope in terms of 
a and ¢. 


82. Through a variable point P (at?, 2at) of the parabola y* = 4ax 
a line is drawn perpendicular to SP, when S is the focus (a, 0). 
Prove that the envelope of the line is the curve 27ay* = x(x — 9a)?. 
83. Sketch the locus (the cycloid) given by 
x=a(t+sint), y=a(1+cos?) 


for values of the parameter ὁ between 0, 47. 
Prove that the normals to this curve all touch an equal cycloid, 
and draw the second curve in your diagram. 


84. Find the envelope, as ¢ varies, of the straight line whose 


equation is xcos*t+ysin®t = a. 


Sketch this envelope, and find the radius of curvature at one 
of the points of the curve nearest to the origin. 
85. As ¢ varies, the line 
x—t?y+ 2a = 0 


envelops a curve I. Show that for each value of ¢, other than 
t = 0, the line cuts Γ at a point P distinct from the point at which 
the line touches I’. 


Ir MII 
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Find the equation of the normal to T at P, and deduce that 
centre of curvature at P is given by 


x = — 20at® — (3a/4t), 


Discuss the case ¢ = 0. 


y = 48at5 — 3at. 


86. Find the equation of the normal and the centre and radius 
of curvature of the curve ay? = 2° at the point (αἱ, at). 
Show that the length of the arc of the evolute between the 
points corresponding to ¢ = 0,¢ = 1 is (13#/6)a. 


87. Show how to find the envelope of the line 


y = te+f(t). 
Show that the length of an arc of the envelope is given by 


t 
[ ΜΘ γα +e)dt. 
Hence obtain a formula for the radius of curvature in terms of ¢. 


88. Prove that the equation of the normal to the curve 
xi+yi = αἵ 
may be written in the form 
xsint—ycost+acos 2i = 0, 


and find parametrically the envelope of the normal. 


89. Find the equations of the tangent and normal at any point 
of the curve 
x = 3sint—2sin%t, 
Prove that the evolute is 
at + yt = 21. 


y = 3cost—2cos*t, 


90. The coordinates of any point on the curve 2° + ay? = y? can 
be expressed in the form 
e=P/(1+), y= 6/(1+?). 


Find the equations of the tangent and normal at any point, and 
deduce that the coordinates of the corresponding centre of 
curvature are (—#— 404, 42). 
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91. Prove that the complete area of the curve traced out by the 
point 

is 27a*, 


(2acost+acos2t, 2asint—asin 2t) 


92. Find the area inside the curve given by 
x=acosi+csinkt, y=bsint+dcoskt (0 «ἐς 2π), 


where & is an integer and a,b,c,d are positive. 
[It may be assumed that c,d are so small in comparison with 
a,b that the curve has no double points.] 


93. Sketch the curve 
x=asin2t, y = bcos*t, 
where a>0,5>0, and find the area it encloses. 
94. Show that the curve 
x=(t—lje', ψ τὸ ἐξ 
has a loop, and find its area. 


95. Trace the curve x = cos 2t, y = sin 3¢ for real values of ¢, and 
find the area of the loop. 


96. Show that, for the range —a<x<a, the area between the 


curve pry 
| (;) εὐ ρῶς 
and the x-axis is ξαδ. 


97. Sketch the curve given by 
x = 2a(sin*t+cos*t), y = 2b(sin*¢—cos*?), 
and prove that its area is 37ab. 
98. Find the area of the loop (—1<é<1) of the curve 


l-# t(1 — 22) 


“ΠΈΡΒ ὅτ Tye" 


99. Prove that the area of the curve 
x=acost+bsini+c, y=a'cost+b’sint+c’ 
is πίαϑ' -- α' δ). 


ΣΙ-2 
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100. Explain the reasons for using the formula 


fo 


to calculate the area of a surface of revolution. 


Apply the formula to show that the area of the surface obtained 
by revolving the curve 


r = a(l1+cos @) 
about the line θ = 0 is equal to 33 7a?. 


101. The curve traced out by the point 
x = alog (sect+ tan t)—asint, 
y = acost, 


as ¢ increases from --ἰἧπ to +42, is rotated about the axis of 2. 
Prove that the whole surface generated is equal to the surface of 
a sphere of radius a, and that the whole volume generated is half 
the volume of a sphere of radius a. 


102. Find the length of the arc of the catenary 
y = ccosh (a/c) 


between the points given by x = +a. 
Find also the area of the curved surface generated by rotatin 
this arc about the z-axis. a ᾿ " 


103. Evaluate the area of the surface generated by the revolu- 
tion of the cycloid . 


x=a(t—sint), y=a(l—cos?) 
about the line y = 0. 


104. Two points A(0,c), P(é,7) lie on the curve whose equation 
is 

y = ccosh (z/c), 
and 8 is the length of the are AP. If the curve makes a complete 
revolution about the z-axis, prove that the area S of the curved 


surface, bounded by planes through A and P perpendicular to the 
z-axis, and the corresponding volume V are given by 


cS = 2V = πο(οεξ -ἰ δὴ). 
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105. A torus is the figure formed by rotating a circle of radius a 
about a line in its own plane at a distance h( >a) from its centre. 
Find the volume and surface area of the torus. 


106. AB, CD are two perpendicular diameters of a circle. Find 
the mean value of the distance of A from points on the semicircle 
BCD, and also the mean value of the reciprocal of that distance. 

Prove that the product of these means is 


8n-*,/2 log (1 Ὁ γ2). 


107. Prove that the mean distance of points on a sphere of 
radius a from a point distant f( <a) from the centre is 


a + (f?/3a). 
What is the mean distance if f>a? 


108. Calculate the average value, over the surface of a sphere 
of centre O and radius a, of the function (1/r*), where r is the 
distance of the point on the surface of the sphere from a fixed 
point C not on the surface and such that OC -- ἢ. Distinguish 
between the two cases f>a, f<a. 


109. The centre of a disc of radius r is O, and P is a point on the 
line through O perpendicular to the plane of the disc. Prove that, 
if OP = », the mean distance (with respect to area) of points of 


the disc from P is 
: §{(p? + 7°)t— pi} /r*. 


Find the mean distance (with respect to volume) of the interior 
points of a sphere of radius a from a fixed point of its surface. 


110. Prove that the mean value with respect to area over the 
surface of a sphere, of centre O and radius a, of the reciprocal of 
the distance from a fixed point C is equal to the reciprocal of OC 
if C is outside the sphere, but equal to the reciprocal of the radius 
a if C is inside the sphere. 


111. A point P is taken on an ellipse whose foci are S,H. The 
distance SP is denoted by r, and the angle HSP by 6. Show that 
the mean value of r with respect to arc is the semi-major axis a, 
and that the mean value of r with respect to @ is the semi-minor 
axis ὁ. 


CHAPTER XI 
COMPLEX NUMBERS 


1. Introduction. It may be helpful if we begin this chapter 
by reminding the reader of the types of elements which he is 
already accustomed to use in arithmetic. These are 


(i) the integer (positive, negative or zero); 
(ii) the rational number, that is, the ratio of two integers; 


(ili) the irrational number (such as /2,7,e) which cannot be 
expressed as the ratio of integers. 


It is now necessary to extend our scope and to devise a system 
of numbers not included in any of these three classes. 

In order to exhibit the need for the new numbers, we solve in 
succession a series of quadratic equations, similar to look at, but 
essentially distinct. 

Le x*—62+5 = 0. 

Following the usual ‘completing the square’ process, we have the 
solution 
x? — 6a = -- δ, 


a?—62+9=—5+49, 


(. -- 83. =4, 


The important point at this stage is the existence of two integers, 
namely +2 and —2, whose square is equal to 4. Hence we can 
find integral values of x to satisfy the equation: 


“-3=+2 or x-3=-2, 
so that e=6 or z=], 


The equation x?—6x+5 = 0 can therefore be solved by taking 2 
as one or other of the rational numbers (integers, in fact) 5 or 1. 


i 
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IT. 2*—62+7 = 0. 
Proceeding as before, we have the solution 
e@—6e =—7, 
z*—62+9=—7+4+9, 
=2, 
(.-- 832 =2. 


Now comes a break; for there is no rational number whose 
square is 2, and so we cannot find a rational number z to satisfy 
the given equation. We must therefore extend our idea of number 
beyond the elementary realm of integers and rational numbers. 
This is an advance which the reader absorbed, doubtless uncon- 
sciously, many years ago, but it represents a step of fundamental 
importance. The theory of the irrational numbers will be found in 
text-books of analysis; for our purpose, knowledge of its existence 
is sufficient. In particular, we regard as familiar the concept of the 
irrational number, written as ./2, whose value is 1-414..., with the 
property that (,/2)? = 2. 

Once the irrational numbers are admitted, the solution of 
the equation follows: 


a—-3=+/2 or x-3=—,2, 
so that x=3+/2 or x=3-,2, 


The equation x?—6x+7 = 0 can therefore be solved by taking 
« as one or other of the irrational numbers 3+ /2 or 3—,/2. 


ITT. x*—6r+10 =0, 
As before, x* — 6a = --ὄ 10, 
z*-—62+9 -- --10-9, 
=-—l, 
(x — 3)? τε -- Ἰ᾿ 


Again comes the break; for there is no number, rational or 
irrational, whose square is the NEGATIVE number —1. We have 
therefore two choices, to accept defeat and say that the equation 
has no solution, or to invent a new set of numbers from which a 


160 COMPLEX NUMBERS 


value of # can be selected. The second alternative is the purpose 
of this chapter. 

To be strictly logical, we should now proceed to define these new 
numbers and then show how to frame the solution from among 
them. But their definition is, naturally, somewhat complicated, 
and it seems better to begin by merely postulating their ‘existence’; 
we can then see what properties they will have to possess, and the 
reasons for the definition will become more apparent. 

Just as, in earlier days, we learned to write the symbol ‘2’ for 
a number whose square is 2, so now we use the symbol αἰ -- 1) for 
a ‘number’ (in some sense of the word) whose square is —1; but, 
in practice, it is more convenient to have a single mark instead of 
the five marks /,(, —,1,), and so we write 


t=,/(—1) 
as a convenient abbreviation. 


We shall subject this symbol ὁ to all the usual laws of algebra, 
but first endow it further with the property that 


ἐξ τ-- -- 1, 


This will be its sole distinguishing feature—though, of course, that 
feature is itself so overwhelming as to introduce us into an entirely 
new number-world. 

It may be noticed at once that the ‘number’ —i also has —1 for 
its square, since, in accordance with the normal rules, 


(-ἢδ = (—1 xi)? = (—1)?x (i)? = (+1) x(-1) 
= -—], 


We round off this introduction by displaying the solution of the 


above equation: : : 
x—-3=t or x-3=-4, 


so that x=3+7 or x= 38-4. 


By selecting x from this extended range of ‘numbers’, we are 
therefore able to find two solutions of the equation. 
It may, perhaps, make this statement clearer if we verify how 


3+1, say, does exactly suffice. By saying that 3+ is a solution of 


the equation x*—6x+10 = 0, we mean that 


(3+2)?—6(3+7)+10 = 0. 
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The left-hand side is 
9+ 6ὲ -ἰ ἐξ -- 18 -- Οὐ -ΕΤΟ 
= 1 
= 1+(-1) 
= 0 
= right-hand side, 


so that the solution is verified. 


We now investigate the elementary properties of our extended 
number-system, and then, when the ideas are a little more 
familiar, return to put the basis on a surer foundation. 


EXAMPLES I 
Solve after the manner of the text the following sets of equations: 


l. χ"--4- 8 =0, w?-4e4+1 =0, w?-474+5 =0. 
2. 27+84%+15=0, 2#74+82%+11=0, 2?+87r+20=0. 
ὃ. χ'--2ῶχ. --δὃ =0, w2?-2e-4 =0, w?-24+10=0. 


2. Definitions. The numbers of ordinary arithmetic (positive 
or negative integers, rational numbers and irrational numbers) are 
called real numbers. 

If a,b are two real numbers, then numbers of the form 

a+ib (ἐξ =—1) 


are called complex numbers. When ὦ = 0, such a number is real. 
When a = 0, the number 


ib (ὃ real) 


is called a pure imaginary number. 
Two numbers such as 


a+itb, a—ib (a,b real) 


are called conjugate complex numbers. 
A single symbol, such as 6, is often used for a complex number. 


162 COMPLEX NUMBERS 
If c=a+ib, 
then a is called the real part of c and 6 the imaginary part. The 


notations 
a=Ze, b=S%e 
are often used. 

The conjugate of a complex number c is often denoted by δ, so 
that, if ὁ τε a+b, then ¢=a—ib. Clearly the conjugate of ὃ is ¢ 
itself. 

If c is real, then c = δ, 

The magnitude +(a2+b%) (a,b real) 


is called the modulus of the complex number c=a+ ib; it is often 
denoted by the notations 


It follows that [8 = [6]. 


Moreover, we have the relation 


οὗ = ||, 
for οὗ = (α -ἰ 18) (α -- ἐδ) 
= a?—77b? = α -- (-- 1)ὴδ3 
= αὐ 3, 
Finally, since c=a+ib, €=a—ib, 


we have the relations 


Ac = a = }(c +0), 
Jco=b= = (e—2). 


Note. All the numbers now to be considered are actually 
complex, of the form α - ἐδ, even when b = 0. Correctly speaking 
we should use the phrase ‘real complex number’ for a number 
such as 2, and ‘pure imaginary complex number’ for 2i. But this 
becomes tedious once it has been firmly grasped that all numbers 
are complex anyway. 
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EXAMPLES II 


The following examples are designed to make the reader 
familiar with the use of the symbol i. Use normal algebra, except 
that ἐξ τε —1. 

Express the following complex numbers in the form αἰ ἐδ, 
where a,b are both real: 


1, (3+ 52) + (7 -- 2%). 2. (—2+ ϑὴ -- θ -- δὴ). 
3. (4+ δὴ) (6— 22). 4, (2+ 7i)(—1+ 22). 
δ. 3+ 204+4(5+7%). 6. 4—31+7(3+4+ 42). 
7. (( - ἢ 3. 8. (2+7)%. 
9. (2—1)2—(3+ 2%). 10. (14+4)(1+ 2i)(1+ 33). 
Prove the following identities: 
M.S = τὸ 12. is =20=%, 
1 1 F 1 a—ib 
13. τ; = 55 (3 +44). M4. τη στε 
15, Ῥ ἶα͵ (αρ- δα) Ὁἴ(αᾳ-- ὃΡ) 
᾿απὶϑ αϑ- ὃ 


3. Addition, subtraction, multiplication. Let 
c=a+ib, w=u+iv (a,b,u,v real) 


be two given complex numbers. In virtue of the meaning which 
we have given to ἐ, we obtain expressions for their sum, difference 
and product as follows: 


(i) Sum c+w = (a+u)+i(b+v). 
(ii) DIFFERENCE c—w = (a—u)+i(b—»). 
(iii) PRopuctT cw = (α -ἰ ἐδ)γίω -Ἐ τυ) 
= au+ibu+iav+ bv 
= (au—bv)+i(bu+avr). 


The awkward one of these is the product. At present it is best 
not to remember the formula, but to be able to derive it when 
required. 
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EXAMPLES III 
Express the following products in the form a+ib (a, ὃ real): 
1, (2+32)(4+ 52). 2. (1+ 4) (2—6:). 
3. (—1-—17)(—3+41). 4. (α-Ὁ ἐδ) (α --- 16). 
5. ἐ(4- 32). 6. (cos A +isin A)(cos B+isin B). 
7. (3—7)(3+7%). 8. (2+ 32)*. 


4. Division. As before, let 
c=a+ib, w=ut+iv (a,b,u,v real). 
Then the Quotiznt is, by definition, the fraction 
ὁ. _a+ib 
w utw 
It is customary to express such fractions in a form in which the 


denominator is real. For this, multiply numerator and denomi- 
nator by ®=u—iv. Then 
c_ (a+7b)(u—iv) 
w (u+t)(u—iv) 
. (au + bv) +7(bu —av) 
u? + 
au + bv ; bu—av 
ur+v2 ευδιρυδ᾽ 


It is implicit that u,v are not both zero, 


For example, (2+%)+(3—1) 
3-2 
* (2+72)(3+2) 
(3 --ω (38 -Ἐὸ 
ἐπ 6+50+07 _ 6+ 51-1 
9—7 9+1 
5+ δὲ 


10 
= h4+h. 


DIVISION 165 


BXAMPLES IV 
Express the following quotients in the form a+%b (α, ὃ real): 


1+4 3+ 41 δὲ +6 
1. | are κε 4... δὲ 3. ἢ . 
4 9 -- δὲ P 3+ δὲ cos 20 +isin 26 
* 446° es cos 6+7sin 6 ἡ 


5. Equal complex numbers. To verify that, if two complex 
numbers are equal, then their real parts are equal and their imaginary 


parts are equal. 
Let c=a+ib, r=pt+iq 


be two given complex numbers (a,b, p,q all real), such that ὁ = r. 
i a+ib = p+iq, 
or a—-p π-εῖ(ᾳ -- δ). 
Squaring each side, we have 
(a—p)? = {5(ᾳ-- δὴ" 
= —(q¢—6)?. 


But a—p,q—6 are real, so that their squares are positive or zero; 
hence this relation cannot hold unless each side is zero. That is, 


a=p, b=4, 
as required. 
Corotuary. If a,b are real and 
a+ib = 0, 
then a=0, b=0. 


EXAMPLES V 


Find the sum, difference, product and quotient of each of the 
following pairs of complex numbers: 


1, 2433, 8... δὲ. τς 39%. 
3.4, 2. 4,342, —i. 
δ, 243i, 2-34. 6. δῶν Soe 
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Find, in the form α - ἐδ (a,6 real) the reciprocal of each of the 
following complex numbers: 


7. 34+4. 8. —5+ 122. 
9. 62. 10. —6—8. 


Solve the following quadratic equations, expressing your 
answers in the form a+ib: 


11, 2?+474+13 = 0. 12. 2?—274+2=0. 
13. 22+ 67+10 = 0. 14, 477+9= 0. 
15. 2?—827+ 25 = 0. 16. 22+47+5= 0. 


6. The complex number as a number-pair. A complex 

number 

c=a+ib 

consists essentially of the pair of real numbers a,b linked by the 
symbol 7 to which we have given a specific property (i? negative) 
not enjoyed by any real number. Hence ὁ is of the nature of an 
ordered pair of real numbers, the ordering being an important 
feature since, for example, the two complex numbers 4+ δὲ and 
5+ 42 are quite distinct. 

The concept of number-pair forms the foundation for the more 
logical development promised at the end of § 1, for it is precisely 
this concept which enables us to extend the range of numbers 
required for the solution of the third quadratic equation 
(“3 -- θα - 10 -ῷ 0). We therefore make a fresh start, with a series 
of definitions designed to exhibit the properties hitherto obtained 
by the use of the fictitious ‘number’ ¢. 

We define a complea number to be an ordered number-pair (of 
real numbers), denoted by the symbol [a, Ὁ], subject to the follow- 
ing rules of operation (chosen, of course, to fit in to the treatment 
given at the start of this chapter): 

(i) The symbols [a,b], [u,v] are equal if, and only if, the two 
relations a = u,b = v are satisfied; 

(ii) The sum 

[a, 6] +[u, v] 


is the number-pair [a+u,b+]; 
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(iii) The product fa, b] x ἊΣ 
is the number-pair [au — bv, bu+av]. 

Compare the formule in ὃ 3. 

A number [a,0], whose second component is zero, is called a 
real complex number; a number [0,6], whose first component is 
zero, is called a pure imaginary complex number. These terms are 
usually abbreviated to real and pure imaginary numbers. (Compare 
p. 162.) 

In order to achieve correlation with the normal notation for real 
numbers, and with tle customary notation based on the letter 1 
for pure imaginaries, we make the following conventions: 

When we are working in a system of algebra requiring the use 
of complex numbers, 


(i) the symbol a will be used as an abbreviation for the number- 
pair [a, 0], 


(ii) the symbol ib will be used as an abbreviation for the 
number-pair [0, 6]. 


It follows that the symbol a+ib may be used for the number- 
pair [a, 0]+[0, d], or [a,b]. 

In particular, we write 1 for the unit [1, 0] of real numbers, and 
ix1 for the unit [0,1] of pure imaginary numbers; but no con- 
fusion arises if we abbreviate ὁ x 1 to the symbol ¢ itself. 

We do not propose to go into much greater detail, but the 
reader may easily check that the complex numbers defined in this 
way by number-pairs have all the properties tentatively proposed 
for them in the earlier paragraphs of this chapter. We ought, 
however, to verify explicitly that the square of the number-pair ὦ 
is the real number —1. For this, we appeal directly to the defini- 
tion of multiplication: 


[a,b] x [u,v] = [au — bv, bu+av]. 
Write a = u=0,b=v=1. Then 
[0, 1] x [0, 1] = [—1, 0] 
or, in terms of the abbreviated symbols, 


xti=-1. 
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Finally, we remark that, although the ordinary language of real 
numbers is retained without apparent change, the symbols in 
complex algebra carry an entirely different meaning. For example, 


the statement 
2x2=4 


remains true; but what we really mean is that 


[2,0] x [2,0] = [2x 2—0x0,0x2+2x0] 
= [4,0]. 


From now on, however, we shall revert tothe normal symbolism 
without square brackets, writing a complex number in the form 
a+%b as before. It must always be remembered that number- 
pairs are intended. 


7. The Argand diagram. Abstractly viewed, a complex 
number a@+ib is a ‘number-pair’ [a,b] in which the first com- 
ponent of the pair corresponds to the real part and the second 
component to the imaginary. A number-pair is, however, also 
capable of a familiar geometrical interpretation, when the two 
numbers a,b in assigned order are taken to be the Cartesian 
coordinates of a point in a plane. We therefore seek next to link 
these two conceptions of number-pair 
so that we can incorporate the ideas of y 
analytical geometry into the develop- Pix,y) 
ment of complex algebra. 

With a change of notation, denote a 
complex number by the letter z, where 


z=axr+ty. 


We do this to strengthen the implication 
of the real and imaginary parts x and y 
as the Cartesian coordinates of a point Fig. 93. 
P(x,y) (Fig. 93). 

There is then an exact correspondence between the complex 
numbers z=2x+iy and the points P(z, y) of the plane: 

(i) Ifzis given, then its real and imaginary parts are determined 
and so P is known; 

(ii) If P is given, then its coordinates are determined, and so z 
is known. 
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We say that P represents the complex number z. The diagram 
in which the complex numbers are represented is called an Argand 
diagram, and the plane in which it is drawn is called the complex 
plane, or, when precision is required, the z-plane. 


EXAMPLES VI 
Mark on an Argand diagram the points which represent the 
following complex numbers: 
1, 34+ 4. 2. 5-4. 3. θὲ. 
4, —3. 5. 1- Ὁ. 6. —2—3:. 
7. cos@+isin@ for θ - 05,305, 60°, ...,330°, 360°. 
8. 2cos*4@+isin@ for 6 =0,45°,90°,...,315°, 360°. 


8. Modulus and argument. Given the point P(x,y) repre- 
senting the complex number 


z=x+ty, 


we may describe its position alternatively by means of polar 
coordinates r, θ (Fig. 94), where r is the distance OP, ESSENTIALLY 
POSITIVE and @ is the angle Z2~OP which OP makes with the 
z-axis, measured in the counter-clockwise sense from Ox. Thus r 
is defined uniquely, but θ is ambiguous by multiples of 27. 

We know from elementary trigo- 
nometry that 


2 = rcos 8, y =rsin 8, 


whatever the quadrant in which 
P lies. 

Squaring and adding these rela- 
tions, we have 


γ5 -- gh +4 y2, 


so that, since r is positive, 

r=+/(2*+y?’). 
Dividing the relations, we have 

tan 0 = y/x, 
or θ = tan“*(y/z). 
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The choice of quadrant for @ depends on the signs of BOTH y 


AND x; if z,y are +, +, the quadrant is the first; if z,y are —, +, 

the second; if x,y are —, —, the third; if, y are +, —, the fourth, 
The two numbers r= /(z*+y?), 

θ = tan“(y/x), 


with appropriate choice of the quadrant for 0, are called the 
modulus and argument respectively of the complex number z. If 
r,@ are given, then 

z= r(cos θ -Ὁ ὁ βίη @). 


We have already (p. 162) explained the notation |z| = 7, and 
proved the formula zz = |z|*. 


ILLUSTRATION 1. 170 find the modulus and argument of the complex 
number -- - ὁ (3. 
If the modulus is r, then 


r? = (—1)?+(/3)? = 14+3 = 4, 
so that += 2. The number is therefore 
1 3 
| sik +4 +} 
so that, if @ is the argument, 


cos @ = — I, sind =%2. 


Hence @ = $7, and so the number is 
2{cos ὅπ +isin fz}. 


EXAMPLES VII 
1, Plot in an Argand diagram the points which represent the 
numbers 4+ 37, —3+ 41, —4— 37, 3— 4%, and verify that the points 
are at the vertices of a square. 


2. Plot in an Argand diagram the points which represent the 
numbers 7 + 32, θὲ, -- ὃ --ἰ, 4 -- ἀἰ, and verify that the points are at 
the vertices of a square. 
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3. Find the modulus and argument in degrees and minutes 
of each of the complex numbers 


j3-i, 3444, -—54+12i, 3, 6-81, —2i. 


4. Prove that, if the point z in the complex plane lies on the 
circle whose centre is the (complex) point a and whose radius is 
the real number k, then 


5. Find the locus in an Argand diagram of the point representing 
the complex number z subject to the relation 


|z+2| = |z—5i|. 


9. The representation in an Argand diagram of the sum 
of two numbers. Suppose that 


ζΖχξεαχ ἐν,» %= Letty, 
are two complex numbers represented in an Argand diagram by 
the points 
Βα, γι), P(®2 Ye) 


respectively (Fig. 95). 
Their sum is the number 


2= 2), Ἔξ, 
= (5, Ἔ 59)  ὑ(ψ, + Ye) 


represented by the point P(z,y), where 
= M+%, YF YitYo 

By elementary analytical geometry, the lines P, P, and OP have 

the same middle point (5%, nt) , so that OR, PP, is a 


parallelogram. Hence P (representing “1 -Ὁ 29) is the fourth vertex 
of the parallelogram of which OP,, OP, are adjacent sides. 

In particular, OP is the modulus |2,+2_| of the sum of the two 
numbers 24, 29. 


I2-2 
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10. The representation in an Argand diagram of the 


difference of two numbers. To find the point representing the 


difference 
2=%_—%, 


we proceed as follows: 
The relation is equivalent to 


@ = 2+%, 


so that OP, (Fig. 96) is the diagonal of the parallelogram of which 
OP,, OP (where P represents z) are adjacent sides. 


Hence OP is the line through O parallel to ΡΒ, the sense along 
the lines being indicated by the arrows, where OP, P,P, are equal in 
magnitude. 

Coronary. If P(x, 41), Po(%2, Ye) 
represent the two complex numbers 
% Sy +1, % = qt tye, then the line 
P,P, represents the difference z,—2,, 
in the sense that the length P,P, is the 
modulus |2,—2,| and the angle which 
P,P, makes with the x-axis is the 
argument of ζ4 -- 21. 

This corollary is very important Fig. 96 
in geometrical applications. 


[The reader familiar with the theory of vectors should compare 
the results in the addition and subtraction of two vectors. ] 


11. The product of two complex numbers. In dealing 
with the multiplication of complex numbers, it is often more 
convenient to express them in modulus-argument form. We 
therefore write 


Z,=7,(cos θ᾽ -Ε ἐ βίη θ.), 2,=7,(cos θ., Ὁ ὁ βίῃ 8,). 
Then Z,2_ = 1,7,(cos θ᾽ +7sin 6,) (cos 0, Ὁ ὁ βίη θ,) 
= r,7,{(cos 0, cos 0, —sin 6, sin @,) 
+i(sin 0, cos 0, + cos 6, sin @,)} 
= r,r,{cos (6, + 6,)+7sin (8, + 6,)}, 


which is a complex number of modulus 7,7, and argument 6, + 6,. 
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Hence 
(i) the modulus of a product is the product of the moduli; 
(ii) the argument of a product is the sum of the arguments. 
We may obtain similarly the results for division: 
(iii) the modulus of a quotient is the quotient of the moduli; 
(iv) the argument of a quotient is the difference of the arguments. 


12. The product in an Argand diagram. In the diagram 
(Fig. 97), let P,, P,P represent the two complex numbers 2, 2» 
and their product z=z,%, respectively, and let U be the ‘unit’ 
point z= 1]. 

Then (§ 10) Ρ 


ZxO0P = 6,+ 6., 


where 6,, 6, are the arguments of 2,, 2, 
and so 


LP,OP = £xOP—Zx0P, 


= (0, + 02) — 0, 
- 6, 
= ZUOP.. 
Moreover, if r,, 7, are the moduli of z,, 22; Fig. 97. 
OP/OP, = (r%2)/72 = τ} 
= OP,/OU. 


Now in measuring the angle 2P,OP or ZUOP,, we proceed, by 
convention, from the radius vector OP, or OU, through an angle 0,, 


in the counter-clockwise sense, to the vector OP or ΟΡ. It may be 
that 6, itself does not lie between 0,7, but nevertheless the fact 
that the angles 2P,OP, ZUOP, so described are equal ensures that 
the Euclidean angles 2P,OP, ZUOP, of the triangles AP,OP, 
AUOP, are also equal. Moreover, the sides about these equal 
angles have been proved proportional, and so the triangles are 
similar. 

Hence follows the construction for P: 

Let P,,P, represent the two given numbers 21,24; let O be the 
origin and U the unit point z=1. Describe the triangle POP, 
similar to the triangle P,OU, in such a sense that 2P,OP = LUOP,. 
Then the point P represents the product 2,2. 
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CoroLLary. The effect of multiplying a complex number z by i 
is to rotate the vector OP representing z through an angle ἐπ in the 
counter-clockwise sense. This follows at once if we put z, = ὁ in the 
preceding work, so that P, in the diagram becomes the point (0, 1) 
or, in polar coordinates, (1, 47). 

Thus ¢ acts in the Argand diagram like an operator, turning the 
radius vector through a right angle. 


EXAMPLES VIII 


1, Mark in an Argand diagram the points which represent 
(a) 3+ 2%, (6) 2- ὁ, (c) their product. Verify from your diagram 
the theorem of the text. 


2. Repeat Ex. 1 for the points 
(a) 1, (ὁ) 8 -- δὲ, 
(a) 2 --ἰ, (Ὁ) 2+4, 


(c) their product; 
(c) their product. 


13. De Moivre’s theorem. 
(i) Z'o prove that, if n is a positive integer, then 
(cos +isin 0)" = cosn@+isinné. 


We use a proof by induction. Suppose that the theorem is true 
for a particular number Ν᾽, a positive integer, so that 


(cos θ - ἡ βίη ΘῚΝ = cos N6+isin NO. 
Then 
(cos 0+¢sin @)+4 = (cos N@+isin V6) (cos 6+ isin 6) 


= (cos V@cos -- βίη N@sin @) 
+2(cos V@sin 6+sin N@ cos @) 
= cos (Ν - 1)0- ἐβίη (Ν - 1)0. 


Hence if the theorem is true for any particular value N, it is true 
for N+1,N+2,...andsoon. But it is clearly true for VN = 0, and 
so the theorem is established. 


_ (ii) To prove that, if n is a negative integer, then 
(cos θ-Ὁ ἐ βίη 6)" = cosn@+isinné. 


Write Ἢ τῷ --- Ἤν. 


DE MOIVRE’S THEOREM 


Then m is a positive integer, and so 


(cos 0+7sin 0)" = (cos θ- βίη 0)-™ 


᾿ 1 
“i (cos 8+ 7sin @)™ 


l 
“cambria ὅρον) 


cos mé —isinmé 
= (cos m0 + isin mb) (cosmo —isin m6) 


ὦ =e 
~ cos? m0 -- ἐξ sin? mé 


4 cos m6 —i sin m# 
~ ¢os?mé + sin? m8 


= cosmé—isinm#@ 
= οοβί -- ηθ) -- ὁ βίη (—76) 


= ΟΟΒ5η0- ἐβίπ ηθ, 


as required. 
(iii) Το prove that, if n ts a rational fraction, then 
(cos 8+isin 0)" = cos n(6+ 2k) +7sin n(@+ 2kz), 
where k is an integer, positive or negative. 


pose that 
Sup n= pid, 
where p,q are integers (q positive) without a common factor. 


Consider the expression 
(cos 8+ isin 6)2, 
and suppose that it can be expressed in the form 
cos ¢+isin φ. 
cos θ - ἐ βίη θ = (cos¢+isin d)? 
=cosgptisingd [by (i)]. 
Equating real and imaginary parts, we have 


If so, then 


cos 6 = cosq¢, sin θ = βἷῃ φφ. 
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These equalities hold simultaneously if, and only if, 
gh = 6+ 2kn, 


where & is any integer, positive or negajive. Hence 


1 
= —§+— ᾿ 
ἀῶ 
so that 
(cos 0+ isin 8)" = cos (5 9. 55 πὴ + isin (“9+ ). 
qq qq 


Raising each side to the power p, by (i) or (ii) above, and then 
writing p/qg = n, we obtain the relation 


(cos 6+isin 6)" = cosn(0+ 2k) +i sin n(0+ 2[πὶ. 


The expression on the right-hand side takes various values 
according to the choice of k. That is to say, there are several 
values for (cos θ - ὁ βίη 6)" when ἢ is a rational fraction; the case 
n = ᾧ is familiar, leading to two distinct square roots. We see by 
elementary trigonometry that distinct values are obtained when ἃ 
assumes in succession the values 0,1,2,...,g—1, where q is the 
denominator in the expression of m as a proper fraction in its 
lowest terms. Thereafter they repeat themselves, any block of 
g consecutive values of k giving the whole set. 


Summary. The formula 
(cos 6+ 7sin 6)" = cos n(@ + 2k) +isin n(0 + 2} πὶ 


is true for all values of n, where n may be a positive or negative 
integer or rational fraction. When n is an integer, k may be taken 
as zero; when n is fractional, distinct values are obtained on the 
right-hand side for k = 0,1,2,...,g—1, where q is the denominator 
in the expression of n as a proper fraction in its lowest terms. 


EXAMPLES 1X 


1. Express a i v3 in modulus-argument form r(cos@+isin 0) — 


2 2 
and hence, with the help of your tables, find (i) its square, (ii) its 
square roots, (iii) its cube roots, (iv) its fourth roots. 


2. Repeat Ex. 1 for the number 4+ 31. 
3. Repeat Ex. 1 for the number 12— δὲ, 
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14. The mth roots of unity. In virtue of the formula 
1 = cos0+i#sin 0, 


it follows from De Moivre’s theorem that, if n is any integer 
(assumed positive here) then an nth root of unity, that is 


Wis, 


can be expressed in the form 
cos {. 2kn) +7sin (. 2k) 
n n 


for k= 0,1,2,...,.n—1. Hence for any given positive integer n, 
there are n distinct roots of unity, namely 


2khn .. Lhe 
cos -—— + 2sln —-, 
n n 


where k = 0,1,2,...,n—1. 


For example: 
When n = 2, there are two square roots, namely 
hate Me 
where k = 0,1. When k = 0, this gives cos0, or 1; when k = 1, it 
gives cos7, or —l. 
When n = 3, there are three cube roots, namely 
cone iain 
3 3°” 
where k= 0,1,2. When k= 0, this gives 1 itself. The values 
k = 1,2 give 
2π 


eal 


+isin =4(-144,3), 
cos + isin = }(— 1-13). 


These complex cube roots of unity are usually denoted by the 
symbols w, w?, either being the square of the other. They are also 
connected by the relation 


l+w+w? = 0. 
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EXAMPLES X 
Use De Moivre’s theorem to express the following powers in 
‘modulus-argument’ form r(cos θ +7 sin 8): 


] 


lL. (+i). 2. aa 8. (1+%,/3)°. 


4, (,3--ὑ). δ. (1—i)t. 6. (J3+i)t. 


7. Find expressions for 
ij) 1, qi) 1 
analogous to the roots evaluated in the text. 


15. Complex powers. The reader will remember that, when 
seeking an interpretation for symbols such as 


αϑ, a>, al ἊΣ απ 


for real positive a and positive integral n, he was guided by the 
principle that the formula of multiplication 


a? x at = arta 
should hold for all values of p and g. This led to the interpretations 
@®=1, a*=Il/a*, a/*= Ha, αἴ. 1|ζ λα. 


We now consider the meanings which should be given to a” when 
a,n are complex numbers, still retaining the validity for the 
formula of multiplication. 

(i) When n is real and rational, the treatment is comparatively 
simple, for we know that any complex number a can be expressed 
in the form ie 

a=r(cos 0+isin 6), 
and so, by De Moivre’s theorem, 
a” = r™{cos n(0+ 2k) +isinn(d+ 2kn)} 


where the values k = 0,1,..., g—1 (q¢ being the denominator in the 
expression of m as a proper fraction in its lowest terms) give 
distinct values for a”. Thus a” is, in general, a g-valued function. 
(For example, if n = 4, there are two square roots.) 


COMPLEX POWERS 179 
(ii) When n is complex, say 
nm=a+ty, (x,y real) 
then we must interpret a” in such a way that 
att = αὖ xa, 
We have already dealt with the factor a* for real and rational values 


of x, so that we are left to consider what meaning may be given to 
the expression αὖ when the power iy is pure imaginary. 


16. Pure imaginary powers. In the preceding paragraph we 
reduced the interpretation of a” to the case, which we now con- 
sider, when n is pure imaginary. With a slight change of notation, 
we write 

δ᾽ = 12, 
where z is real. 

(i) When a is real and positive. 

We note first that any real positive number a (other than zero) 
can be expressed in the form 


@ =e loa, 
so that, if the laws of indices are to be preserved, 
a” = (elowea)n = enlozea, 
Writing nlog,a=ixlog,a=ix’ (a’ real), 
we obtain the expression, as an imaginary power of e, in the form 
a" =e 


which is found to be more amenable to treatment. Dropping the 
dash, then, we consider what interpretation should be given to the 
number 

εἴ (x real). 


We take the hint from the expansion of p. 54, which, if valid 
for pure imaginary numbers, would yield the relation 
ἐς, (2)? (xP (ἐω)" 
ie -- 2 JAE i coal BA cat δ 
e = 1+ (2) + a1 tart apte 


x? a4 : xz χϑ 
ὦ ee a | 
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Now (p. 50) we have the relations, valid for all real x, 
cosz = 1 Pans jue 
Che eae 
sing = pee ee. 
a ΠΟΙ ΤῸ 
and so we are led to propose for consideration the relation 


οἷα = cosx+isin2. 


Before we can accept this as a valid interpretation for e®, 


however, we must satisfy ourselves that it obeys the index law 
eit x οἷν = eilttv) (x,y real), 
Under the proposed interpretation, the left-hand side is 
(cosa+isin 2) x (cosy +7sin y) 
= (cosa cosy —sin x sin y) +7(sin x cos y + cos x sin y) 
= cos (x+y)+7tsin(v+y), 


and this is precisely the interpretation to be given to the right- 
hand side also. 
The interpretation is therefore consistent with the series 


expansions and with the index law, and so we DEFINE the 


interpretation of e (~ real) to be given by the relation 


ef = cosx+isin2. 


Note. The mere writing of iz in the expansion in series does 


not of itself allow us to use the notation e under the index laws. 
The step that the product of the expressions proposed for εἷς, εἷν 
is indeed e*(*+¥) is vital to the interpretation. 


(ii) When a is any complex number. 

We are now in a position to give an interpretation to the 
expression a*” for any complex number a. We have seen that @ 
may be written in the form 


a=r(cos@+isin@) (r positive) 
and, by what we have just done, we have the two relations 
roeleer (r+), 
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Hence ἃ = eloter x et? 
= ΕἾ x ef, 

say, where τὲ, or log, 7, is a real number, positive or negative. For 
interpretations consistent with the laws of indices, we must there- 
fore take ait = (eX) x (οἰθγία 

= etut x ee 

= e** (cos ux +7 sin ux) 

= e~"*{cos (log, r) +i sin (wlog,r)}. 


CorotbaRy. Any (non-zero) complex number can be expressed in 
the form e“+!”, where u,v are real, 


17. Multiplicity of values. There is one difficulty which we 
have slurred over, as it should not be over-emphasized at the 
present stage. An example will illustrate the point. 

Let us consider what interpretation we are to give to the symbol 

if, 
Our first task is to express the number to be raised to the power ¢ 
(in this case, i itself) in the form re“, and this we do easily by 
noticing that «695 (28. 2) π| βίη (2k+}) 7 
--.- e(2k+t )πὶ 


for any integer k, positive or negative. Hence the interpretation 


{el2k-+bathé 


= οἰ ἐ)πέχέ 


4% 


gives an infinite succession of values, all of which, oddly enough, 
are real, 

In a full discussion, we should therefore be on our guard to 
include many-valued powers. A safe way of doing this is to include 
the factor e?*** (which is just cos2k7+isin2kz, or 1, for any 
integer k) in the expression in exponential form of the number 
whose power we seck. That is to say, in order to evaluate a”, we 
write a in the form am ου ἐς διε) 


and allow k to take integral values. 
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It should be noticed that we established the interpretation 


e==cosx+ising 


under the conditions of De Moivre’s theorem, namely that z is a 
real number, being a positive or negative integer or rational 
fraction. When z is not integral, there is really an ambiguity οὗ 


interpretation, since 
eit — (et)? 
= et(l+2ka)x 
= cos (1+ 2k) x+7sin (1+ 2k) a, 


where distinct values are obtained for ὦ = 0,1,...,g—1 as usual, 
q being the denominator when the fraction ἃ is expressed in its 
lowest terms. Our interpretation is therefore subject to the 
convention ὦ = 0. 


ILLUSTRATION 2. 70 find an expression for 
(1 --τὐ ψϑ) 
We first write 1+7,/3 in the form 


1+i/3 = (5 +i) 


= 2(c0s τὰ isin vd 
3 3 
= Qetlin+2ka) (ζ integral), 
We next use the fact that 


(1+4,/3)4+# = (1 +%,/3)* x (1+¢,/3)##, 


Now (1+4,/8)* = 24ett(tx+2km) 
= 1θε τέ, 
Also (1+4,/8)# = 24 x {etldr+2hka) yi 
= 23 yx e-lintkr) 
Finally, 2 = low? 
giving Ohi = ett loge? 
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so that, in all, 
(1 +4 {3)*+i# = 1Ge47t/3 x eitloge2  ρ--(ἐπὶ Κη) 
= ]Ge—(t7t+kr) yx elia+t τοι, 2) 
= 1θε- (ἐπ Ἀπ) {cos (ὅπ + flog, 2) +7sin ($2 + 3 log, 2)}, 


where ἢ is any integer, positive, negative, or zero. 


EXAMPLES XI 
Find expressions for 
1. (1+%)*. 2. (1—i)?-*. ὃ. (¥3+i)#. 
4, (1-7/3), 5. (v3 —2)t+44, 6. (1+4)*#. 


18. The logarithm of a complex number, to the base e. 
We have seen (p. 181) that any (non-zero) complex number can 


be expressed in the form 
az=evtt, 


We ΡΕΕΙΊΝΕ the logarithm of a to be the complex number 
u+iv (u,v real). 
This is consistent with the treatment already given for real 
numbers (v = 0) and, in virtue of the interpretation already given 
to indices, it retains the property 
log,a+log,b = log, (ab). 


We have now, of course, released the restriction (p. 5) that a 
must be positive in order to have a logarithm. It need not even 
be real, 

The ambiguous determination of v, as seen by the equivalent 
formula 

a=erttierekr) § (& integral) 


means that the logarithm is ambiguous to the extent of additive 
multiples of 27%. 


Note. The relation (pp. 170, 180) 
z= re, 
where r is the modulus and @ the argument of z, gives the formula 
logz = log|z|+<argz. 
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Noration. The notation 
Log,a 


is often used to denote a value of the logarithm when ambiguity 
may be present. Then the notation 


log,a 


denotes that determination of the logarithm whose imaginary — 


part lies between -- π and π, and log,a is called the principal value 
of Log, a. 

This distinction, which is often of importance, will not, in fact, 
be used much in this book, and we shall usually take the principal 
value without further comment. 


19. The sine and cosine. We have made no statements so 
far about the formula 
e = cosx+isinzg 


except when z is real; naturally, because cos 2, sin ἃ are otherwise 
undefined. Our next task is to define the trigonometric functions 
of a complex variable z=2+iy (x,y real), and this we do by what 
is in some ways a reversal of the process hitherto adopted. We 
first observe that, for real z, 


οἷα = cosxz+isin 2, 
e- = cosx—isin2, 


so that cosa = 4(e* + e-*), 
1 

i => iz. p-iz 

sin x 3 (° e-*). 


We now adopt these formule, and make them the basis of the 
following more general definitions: 
If zis a complex number, then 


cosz = 4(e*+e-*), 
1 

; =— _.. (git — p- 

sin Ζ 3 (¢ e*), 


It follows at once that these definitions give the normal functions 
when z is real, and also that 


οἷς = cosz+isinz. 
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We must, however, now make sure that they retain the NORMAL 
properties of the trigonometric functions. 
Firstly, we have 


4(cos*z+sin®z) = (e+e)? — (e#—e-*)? 
= (e224 24 eRe) — (ei? 2 + e-2it) 
= 4, 
so that cos?z+sin?z=l. 
Again, 
4(COS Z, COS Z, — SiN 2, SiN 29) 
= (e% + e—t) (οἶδε + ei) + (ef — et) (οἶδε — e-™) 
ἊΝ 2(etlert%) + e—ter+2)) 
on reduction, so that 


COS Z, COS 2) — SiN Z, SIN Z, = COS (2, + 29). 


Also 
4i(sin z, COS 2, + COS Z, SIN 2g) 
= (e%% —e-in) (οἶδε + ets) + (ef + et) (eo! — οἶδε) 
= 2(ef(etes) ow eWtlarte)) 
so that sin z, COS Z, + COS 2, SiN Z, = SiN (2, +29). 


These are the formule on which the theory of real angles is 
based, and so the structure will stand for complex ‘angles’ also. 
Further details are left to the reader. 


Note. The functions | cosz|,|sinz| are not now subject to the 
restriction of being less than unity. For example, the equation 


cosz = 2 
is satisfied if e#+e-% = 4, 
or e22_ 4e%+] = 0, 
so that ef = 2+,/3. 
Thus iz = log (2+ 3) 
or z= —ilog(2+,/3). 
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For reference we record the following formulz: 
(i) coshiz = 4(e*+e-*) 
= COS Z; 
(ii) sinhiz = }(e*—e-*) 
= isin Ζ; 
(iii) e*kat — cos 2ka+isin2k7 =1 (k integral); 
(iv) e@*+Dat = cos (21. - 1) π ἐβίη (21. - 1)ππ- --ἰ; 
(v) e@&tirt — cos (2k+4)a+isin (21 - 3)π τ τ, 


20. The modulus οὗ e*. Ifzis complex, so that 
z=x+ty (x,y real), 
then 6" = ett¥ = et ely 
= e*(cosy+isin y). 


Hence the modulus of e* is εἴ and its argument is y, the argument 
being undetermined to the extent of multiples of 27. 


CorotLary. An important corollary, found by putting x = 0, 
is that 
[εἶν } =1, 


when ἐν is a pure imaginary. 


21. The differentiation and integration of complex 
numbers. We confine our attention to the only case which we 
shall use, the complex functions of a REAL variable x. The general 
theory for a complex variable is much beyond the scope of this 
book. 

By a complex function of a real variable 2, we shall mean a 
function w(x) which is either given in the form 


w(x) = u(x) +(x), 


where u(x), v(x) are real functions of x, or can be reduced to that 
form. For example, the function e can be reduced to 


cosz+itsinz. 
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We then use the following DEFINITIONS: 


‘ dw du. .dv 
() de ~ dat de’ 


(ii) [uae - [ude-+ifvde. 


Particular interest is attached to the function e”, where ὁ may be 
complex of the form a+ib. We have 


(e%) = (e(a+ibiz) 
= τ {e** (cos bx +7 sin bx)} 


= Ξ [{e% cos ba} + ἐ{655 sin bx}]. 
Hence, by definition, 


£ (ee) = (ae* cos bv —be™ sin bx) 
+i(ae™ sin ba + be cos bx) 
= ae (cos bx +7 sin bx) + ἐδ e™ (cos bx +7 sin bz) 
= (α -ἰ ἐδ) eet 
= (a+ ἐδ) εἰατἰυ)α 


= ce™, 
d 
Hence the rule — (655) = ce™ 
dx 
holds whether c is real or complex. 
Similarly we may prove that the formula 
] 
| edz = — e* 
c 


holds whether c is rea] or complex. 


13-2 
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Because of its importance, we ought perhaps to mention also 
the differentiation and integration of x°, where x is assumed to be 
real but where c may be complex. Since 


ae = ecloez, 


we have > (2°) = ge συ τς (logz) (as above) 


in accordance with the similar rule for real functions. 
It follows that 


1 
[eae reer x? (c+ —1) 


whether c is real or complex. 


ILLUSTRATION 3. ΤῸ prove the rule 


Σ ὕω 9(2)} = ole) ἢ} ἘΠΩ & fole)} 


when f(x), g(x) are complex functions of the real variable x. 


Write f(x) = u(x) + io(x) =u+ iv, 
g(x) = p(x) +i¢(z) =p +ig. 
Then f(x) g(x) = (up — vg) +t(ug+ vp), 
so that 
# (γω)σ()} 


= [(u'p—v'q) + (up’ -- 4} + (wg + v’p) + (ἐφ΄ + up’) 
= [w’'g+iv'g]+[p'/+iq'f] 
=f9+9'f. 
Reversal of this formula leads to the rule for integration by parts. 
Hence this method is also at our disposal for these functions. 


The two illustrations which follow show how complex numbers 
may be used to sum series and to evaluate integrals. 
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InLusTRATION 4. Το find the sum of the first n terms of the series 
1+cos @.cos 6+ cos? @.cos 20+... + cos" @. cos (n— 1) 8, 
where @ is a real angle. 
Write 
C=1-+-cos 6@.cos 0+ cos? @.cos 26+ ...+cos”—! 0. cos (n—1) 8, 
S=  cos@.sin@+cos?@.sin 20+...+ cos” @.sin (n—1)8@. 
Then 
C+iS = 1+.c0s 6 e? + cos? 6 ec? + ... + cos”! θ e(™-D®, 
This is a geometric progression, of n terms, with first term 1 and 
ratio cos@e”. It may be proved, exactly as for real numbers, that 
the sum for first term a and ratio r is 
α(] -- γ) 
l-r 
: 1 — cos” θ er? 
so that CTR sor 


In order to find ‘real and imaginary parts’, multiply numerator 
and denominator by 1—cos#e-”. The new denominator is 


(1—cos θ e#) (1 —cos @e-*”) = 1 —cos O(e + e-”) + cos? 6 
= 1—cos θ(2 cos θ) + cos? @ = 1—cos? 6 


= sin? @, 
Thus 
C+iS = _— {(1 —cos” 8 e”*?) (1 — cos 0 e-”)} 
=— 5 {1 — cos” 6 e”* — cos 0 e~ + cost! 6 e(n—1)19}, 
Equating real parts, we have 
C= ταῦθ {1 -- cos” 0 005 — ὁο55θ + cos™*+! θ cos (n -- 1) θ) 
== 19 {sin? θ — cos” 6(cos n6 — cos θ cos (ἢ — 1) 8)} 
= =a {sin® -- cos” 6( — sin @ sin (n — 1) @)} 
sd pp Som" 9 sin (n — 1) 0 


sin θ 
It is implicit in the working that sin @ is not zero. That case can 
easily be given separate treatment. 
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InLustRation 5. 70 find the real integral Finally, we give an illustration to show how the use of complex 


numbers can help in dealing with the geometry of a plane curve. 


| xe* cos ada. We use for the curve the notation of the preceding chapter. 
InLustRraTion 6. Let P(x,y) be a point of a plane curve, and 
Write C= | xe" coszde, let s,% denote as usual the length of the are measured from a 
fixed point and the angle between the tangent at P and the z-axis. 
5 =| ret sinxdz, (It is assumed that 2, y are real.) 
Write 2 ΞΞ πον. 
so that C+i9 = | nereltdn 
dz dx. «ἂν 
Then > ia “led 
= | reede, 
=cos%+ising (p. 108) 
Integrating by parts (p. 188), we have =e (p. 180). 
1 1 
+, ee = (ee ρὲ d 
C+i8 τες 5 Tai ἡ @ 1 δ In particular, - oy 
1 
ise elit τ ἡ ere. We also have the relation 
1 1-ἰ ; 2. iy 
elie = et (coga+isinz). =ixe¥ (p. 118). 
Hence This is equivalent to 
= [Jx—}iv+ Het (cosx+isinz). ast tt age "κεν, 
Equating real parts, we have so that, taking moduli on each side, 
C = her -- 1) βίη z}. 
}e* {a cos x+(%—1)sinz} vie da a dy . 
ds* ds* 
EXAMPLES XII 
Use the method of the two illustrations to find: Again = = = = cosf—isin Ψ 
1. 1+ cos 0+cos 20+...+cosn0. = e- 
2. sin -- α βίῃ 20+2*sin30—2'sin40+... (to m terms), dn GATE ἢ 
: ; : Bins ‘ 
Find the integrals: so that (| -ἰ i) (πῆ τι) Ξε tk. 
᾿ J bv se J een eee ᾽ Ϊ inset Equating imaginary parts, we obtain the formula 
dxd*y dyd*x 
6. [eetsin ede. 7. [sin aed. 8. [xe-* cos 3ede. ¥ ee 44’ 
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REVISION EXAMPLES VII 
‘Scholarship’ Level 


1, Two complex numbers z,z’ are connected by the relation 
z' = (2+2z)/(2—z). Show that, as the point which represents z on 
the Argand diagram describes the axis of y, from the negative end 
to the positive end, the point which represents z’ describes com- 
pletely the circle x? +y? = 1 in the counter-clockwise sense. 


2. Explain what is meant by the principal value of the logarithm 
ofa complex number z + ty as distinct from the general value. 
Show that, considering only principal values, the real part of 


(1 +7) loge (1+4) 
is 2? 08.2 e~w" cos (47 log, 2). 


3. Express tan (a+ib) in the form A4+iB, where A,B are real 
when a,b are real. 
Show that, if x+iy = tan }(+7y), then 


tu = e?sin £—e-"sin 2+ e—*" sin 3€—..., 


when 7 is positive; and that there is a like expansion with the 
sign of ἡ changed, valid when 7 is negative. 


4. Prove that, if 
sin (x7+7y) = cosec (u+iv), 
where x, y,u,v are real, then 
cosh* vtanh* y = cos*u, cosh®ytanh?» = cos2z. 
5. Solve the equation 
(1—ai)"+2(1+2i)" = 0, 


giving the roots as trigonometrical functions of angles between 
0 and z. 


6. Prove that, if x+iy = ccot (u+iv), then 


x = Of Ο 
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and show that, if z,y are coordinates of a point in a plane, then 
for a given value of v the point lies on the circle 


a? + y® + 2cy coth 2v+c* = 0. 
Also verify that, if a,,a, denote the radii of the circles for the 
values v,, ¥, of v, and ὦ denotes the distance between their centres, 


then a? +-a3—d* 


2a, Ay 
7. Obtain an expression for | cos (x+iy) [5 in terms of trigono- 


metric and hyperbolic functions of the real variables «, y. 
Show that | cos (x +ix)| increases with x for all positive values 


of x. 


= cosh 2(v, SS Vo). 


τὸ Sse ὃ 
%%_—1 
in the form X+7Y, where 2, =2,+%y;, 2% = 9 Ὁ 

Deduce that the points which represent three complex numbers 
21» % 2, in the Argand diagram cannot all lie on the same side of 
the real axis if 


8. Express 


51 + tq Ὁ 25 = 24% 923. 
9, Prove that the roots of the equation 
(a—1)" = —(x+1)", 


where ἡ is ἃ positive integer, are 
‘oot SE Te (k = 0,1,2,....2—1). 


Deduce, or prove otherwise, that 


"ΞΔ (2k +-1)0 | — g(2k+1)7 _ 9 
ae = Q, 2, cosee a Sa n*. 

10. Write down the complex numbers conjugate to x+y and 
to r(cos θ- isin 6). 

Prove that, if a quadratic equation with real coefficients has 
one complex root, the other root is the conjugate complex number. 
Deduce a similar result for a cubic equation with real coefficients. 

Given that 2 = 1+ 3¢ is one solution of the equation 


az*+ 1622+ 100 = 0, 
find all the solutions. 


194 COMPLEX NUMBERS 
11, Express each of the complex numbers 
Z,=(1+72)/2, z= 4(—1+47%),/2 
in the form r(cos 8+7sin @), where r is positive. 


Prove that z? = z,, and find the other cube roots of z, in the 
form r(cos θ- ὁ βίη @). 


12. The complex number z = +iy = r(cos θ - ὁ βίη @) is repre- 
sented in the Argand diagram by the point (x,y). Prove that, if 
three variable points 2,,2,,Z, are such that z, = Az,+(1—A)z,, 
where A is a complex constant, then the triangle whose vertices 
aTe Z,,2o,%, is similar to the triangle with vertices at the points 
0,1,A. 

ABC is a triangle. On the sides BC,CA,AB triangles BCA’, 
CAB’, ABC’ are described similar to a given triangle DEF’. Prove 
that the median points of the triangles ABC, A’B’C’ are coincident. 


13. The complex numbers a,b,(1—k)a+kb are represented in 
the the Argand diagram by the points A, B,C. Prove that the vector 


AB represents b—a, and that 

(i) when & is real, C lies on AB and divides AB in the ratio 
k:1—k; 

(ii) when k& is not real, ABC is a triangle in which the sides 
AB, AC are in the ratio 1: || and the angle of turn from AB to 
AC is 0, where k = | k| (cos 6+7sin @). 

The vertices of two triangles ABC and XYZ represent the 
complex numbers a,b,c and x,y,z. Prove that a necessary and 


sufficient condition for the triangles to be similar and similarly 
situated is 111 


abej=0. 
ey 


14, [In this problem small letters stand for complex numbers 
and capital letters for the corresponding points in the Argand 
diagram. ] 

The circumcentre, centroid, and orthocentre of a triangle ABC 
are S,G,H respectively. Prove that 


g=(a+b+c), 2s+h=a+b+e. 
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ABC is a triangle with its circumcentre at the origin. The 


internal bisectors of the angles A,B,C of the triangle meet the 


circumcircle again at ἵν, ΗΠ, Ν᾽ respectively. Prove (by pure 
geometry if you wish) that the incentre P of ABC is the ortho- 
centre of LMN, and deduce that 

p=l+m+n. 

Prove also that the excentres P,, P,, P, of the triangle ABC are 

given by 
p,=l—-m—n, pp=—lim—n, p3=—l—m+n, 
and that the cireumcentre K of P, P,P, is given by 
k=—(l+m+n). 

Prove, finally, that KP, is perpendicular to BC, 

15. Points A,B in the Argand diagram represent complex 
numbers a, b respectively; O is the origin, and P represents one of 
the values of (ab). Prove that, ifOA = OB = r, then also OP = 1, 
and OP is perpendicular to AB. 

A,B,C lie on a circle with centre O, and represent complex 
numbers a,b,c respectively. Prove that the point D which repre- 
sents —bc/a also lies on the circle, and that AD is perpendicular 
to BC. 

The perpendiculars from B,C to CA, AB meet the circle again 
at EB, F respectively. Prove that OA is perpendicular to EF. 


16. Prove by means of an Argand diagram, that 
| 2 +22] <|2,|+] 2]. 


Find all the points in the complex plane which represent 
numbers satisfying the equations 


(i) 22-22 =3, (ii) |z—2|=3, (iii) [2--.1 {2-.2} =3. 

17. Find the fifth roots of unity, and hence solve the equation 
(2a—1)5 = 322°, 

18. Prove that, if «, β are the roots of the equation 


ἐδ --2.- 2 = 0, 

(w+a)"—(x+f)" βἰπηθ 

then Sear Se CS 
where cot @=2+1. 
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19. A point z=2+iy in the Argand diagram is such that 
|z| =2,2=1, and y>0. Determine the point and find the 
distance between the point and 42’. 

Show also that the points 2, z, }z?, 1.23, ἔτ΄, 25 are the vertices 
of a regular hexagon. 


20. The points 2,,2,,z, form an equilateral triangle in the 
Argand diagram, and z, = 4+ 6i,z, = (1—i)z,. Show that z, must 
have one of two values, and determine these values. 

What are the vertices of the regular hexagon of which z, is the 
centre, and z, is one vertex ? 


21. A regular pentagon ABCDE# is inscribed in the circle 
x*+y* = 1, the vertex A being the point (1,0). Obtain the complex 
numbers x + iy of which the points A, B,C, D, Εἰ form a representa- 


tion in an Argand diagram. 
22, Use De Moivre’s theorem to find all the roots of the equation 
(22 -- 1) = (5 -- 2) 
in the form α -ἰ ἐδ, where a,b are real numbers. 


23. Mark on an Argand diagram the points /3 +7, 2+ 27,/3, and 
their product. What is the general relation between the positions 
of the points a+ib and (/3+%)(a+%b)? 

A triangle ABC has its vertices at the points 0,2+ 2i,/3, 
—1+i,/3 respectively. A similar triangle A’B’C’ has its vertices 
A’, B’ at the points 0, 8% respectively. Find the position of C’. 


24. Find all values of (5 — 127)?, (2i — 2), expressing the answers 
in the form a+ib, where a,b are fractions or surds. 


25. Prove that the triangle formed by the three points repre- 
senting the complex numbers f,g,/ is similar to the triangle 
formed by the points representing the numbers 4, v, w if 


fot+gut+hu = fw+guthv. 


26. By expressing 3+ 42, 1+ 21 in the form r(cos θ - ὁ βίη @), or 
otherwise, evaluate 
(3 + 41)30{(1 + 27)50 


in the form a+ib, obtaining each of the real numbers a,6 correct — 


to two significant figures. 
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27. Identify all the points in the z plane which satisfy the 
following relations: 


«Ι, 


= a= 9) 
Η 3 —_ —_—_-— 
(i) 22+2 = 2z, (ii) er 


— > 2, (iv) |z—1|+]z2+1|<4. 


28. Prove that three points 2,, 2,23 in the complex plane are 
collinear if, and only if, the ratio 


(3 — 2)/(%—%4) 
is real. 
29. Find the real and imaginary parts and the modulus for 
each of the expressions 
a+ib .... L+cosa+isina 


() G) τε’ ΟὟ Ττοιβηἐηϊπβ' 
30. Find the logarithms of —1,2—7, 10: τῖν͵ 


31. The three points in an Argand diagram which correspond 
to the roots of the equation 


23 — 3pz2+3qz—r = 0 
are the vertices of a triangle ABC. Prove that the centroid of the 
triangle is the point corresponding to p. 
If the triangle ABC is equilateral, prove that p? = q. 


32. Find the cube roots of 4—3i. 


33. Ifthe vertices A, B, C of an equilateral triangle represent the 
numbers 2,,2%,%, respectively in an Argand diagram, state the 
number represented by the mid-point M of AB, and show that 


1 
1 + 23’ 


@ = 2(% +22) +P i(g—m). 


If z,=2+2i, 2,=4+(2+2,/3), 
and if C is on the same side of AB as the origin, find the number 23. 
34. Ifz = cos@+isin 8, express cos 0, sin 0, cos70@, sinwé in terms 


of z, where v is an integer. 
Hence express sin’? @ in the form 


Asin 6+ Bsin 36+ Csin 56+ Dsin 70. 
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35. Prove that 


1+sin θ --- ἡ cos 6\® et 
(isin dFTeos8) ~~co800—isin a 
36. Prove that 


1+sin 6+7cos n ot 
(Ἐξ α σ τον = cos (ξηπ -- 78) +isin(}na—n6). 
37. Show that the equation 


represents a circle in an Argand diagram. 

If z lies on |z—1—2¢| = 3, what is the locus of the point 
u=2+4-—31? 

Find the greatest and least values of | 5 -- 4 -- Οἱ} if z is subject 
to the inequality |z—1—27| <3. 

38. Find the modulus of 


3z+4 
(3z—7)? 
when |z| = 1. 


39. Two complex numbers z, z, are connected by the relation 


Prove that, if z = ig, where q is real, then the locus of z, in an 
Argand diagram is a circle. Describe the variation in the ampli- 
tude of z, as g increases from —co to +00. 


40. If a,b are real and v is an integer, prove that 
Δ. (a + ib) + 4/(a—ib) 
has n real values, and find those of 
4/(1+%,/3) + (1-7/3). 
41. If x,y are real, separate 
sec (x + ty) 
into its real and imaginary parts. 
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42, If a,b,c,d are real, express each of αὐ - 3 and c*+d? as a 


product of linear factors. 


Deduce that the product of two factors, each of which is a sum 
of two squares, is itself a sum of two squares. 


43. The intrinsic coordinates of a point on a plane curve are 
s, ys, and the cartesian coordinates are x,y. The complex coordinate 
a+iy is denoted by z and the curvature by «. Prove that 


Hence, or otherwise, prove that 


LH 


κ Ξε (a2’’?  γ"} on (γ΄ —x y τ 


where dashes denote differentiations with respect to 8. 
Prove further that 


ΠΝ ἐδ. 
ey” κι | = κ(ϑκὅ-- κ᾽). 
a” yf" κΞ 


44, Any point P is taken on a given curve. The tangent at P 
is drawn in the direction of increasing s, and a point Q is taken at a 
constant distance / along this tangent. In this way Q describes a 
curve specified by X, Y, S,Z analogous to the specification 2, y, 8, z 
for P. [Notation of previous problem.] Show that 


ᾧ F - sre; 


(ii) the curvature K of the derived curve at Q is given by the 
ee K(14+2x?)! = «(1+ x?) +l'k, 
where x’ = dx/ds. 


CHAPTER XII 
SYSTEMATIC INTEGRATION 


Ar first sight the integration of functions seems to depend as 
much upon luck as upon skill. This is largely because the teacher 
or author must, in the early stages, select examples which are 
known to ‘come out’. Nor is it easy to be sure, even with years of 
experience, that any particular integral is capable of evaluation; 
for example, xsinz can be integrated easily, whereas βίῃ 
cannot be integrated at all in finite terms by means of functions 
studied hitherto. 

The purpose of this chapter is to explain how to set about the 
processes of integration in an orderly way. This-naturally involves 
the recognition of a number of ‘types’, followed by a set of rules 
for each of them. But first we make two general remarks. 

(i) The rules will ensure that an integral of given type MusT 
come out; but it is always wise to examine any particular example 
carefully to make sure that an easier method (such as substitution) 
cannot be used instead. 

(ii) It is probably true to say that more integrals remain 
unsolved through faulty manipulation of algebra and trigonometry 
than through difficulties inherent in the integration itself. The 
reader is urged to acquire facility in the normal technique of these 
subjects. For details a text-book should be consulted. 


1. Polynomials. The first type presents no difficulty. If f(a) 
is the polynomial 
f(t) =a92"+ay2""+...44,, 


then [rear = 2 $a +. -+a,,2%. 


_ 2. Rational functions. (Compare also p. 11.) A rational 
function f(2) of the variable x is defined to be the ratio of two 
polynomials, so that P(x) 


f(z) = Q(z) 
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for polynomials P(x),Q(x). If the degree of P(z) is not less than 
that of Q(z), we can divide out, getting a polynomial (easily 
integrated) together with a rational fraction in which the degree 
of the numerator is less than that of the denominator. 

We therefore confine our attention to the case in which the 
degree of P(x) is less than that of Q(x). It is assumed, too, that all 
coefficients are real. 

It is a theorem of algebra that any (real) polynomial, and, in 
particular, Q(x), can be expressed as a product of factors, of which 
typical terms are (oar +)", 


(aa* + 2ha +b)", 
where a, 8,a,h,6 are real constants, but where 
h? « αὖ 


so that the quadratic aa®+ 2ha+6 cannot be further resolved into 
real factors. 


[We ought to add that, for a given polynomial, the difficulty of 
factorization may be very great indeed.] 


It is a further theorem of algebra that the rational function 
may then be expressed in the form 


— = ----- - 4, +e 

ΠῚ (αν τ By" “ot +B 
1e+C, B,x+Cy, B,z2+C,, , 
ἘΣ cot pet eaters tat λα τ 


where the first summation extends over all linear factors ax +f, 
and the second over all quadratic factors ax* + 2ha+b. 
The integrals from the first summation are of the type 


Adz 
(om + B)*’ 


A 


ππΞηγαίατεβεα +) 


which give 4 
- log low +B | (k=1). 


M II 
14 
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The integrals from the second summation are of the type 


luce ep Bu+C 

(ax® + 2h + pp ἢ 

and require more detailed consideration. 

Note first that 
| aap ax +h 
(ax? + 2ha + pp 
1 

2(1—p) (ax? + 2ha -ἰ δ)»-1 (p+1) 
$ log | ax*® + 2ha+b| (p=1), 

and so, by writing 


Bu+C=(B/a)(ax+h)+ (aC —hB)/a, 
we can reduce our problem to the evaluation of integrals such as 


J (ax? 20... Ὁ)" 
Write a(ax* + 2ha +b) =(ax+h)?+ab—h?, 
and make the substitution (remembering that ab—h? is positive 
Δ μων τ ἘΠῚ 


᾿ a? dt |(ab —h?) 
Tn exrater Ὁ)» " J (P (ab— 1) + (ab?) 
wap) wy Ὁ 
Our final problem is therefore to evaluate 


_f{ @ 
hd (2+ 1)Ρ’ 
and for this we need a formula of reduction. On integration by 
parts, we have 


t( — 2pt) 
l= zip )ierient 
(2+1)-1 


+ 2p dt 


πρετρ Ἢ @ripa 


t 
= (P+1p* p(y -- 1, .). 
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t 
Hence 2pl ya — (2p—- 1), rs (t? + 1)?’ 
or, replacing p by p—1, 


t 
2(p—1)I,,—(2p—3) 15-4 = (P +12" 


By applying this formula successively, we make the evaluation of 
I, depend on that of I,_,,J,-»,.--, and, ultimately, on J,. But 


dt 
+1 
= tan", 
and so the whole integration is effected. 


i, = 


3. Integrals involving γίαχ τ δ). Rational functions of x and 
J(aw +6) may be integrated readily by means of the substitution 


t = /(ax+b) 
le 
or loa (ἐξ --- δ). 
The result is the integration of a rational function of ἐ. 


Note. The reader is unlikely to remember all the details to be 
given in § 4 following. The methods should be thoroughly under- 
stood, but it may well be found necessary to refer to the book for 
details in actual examples. If desired, §§ 5, 6 and 7, which will be 
of more immediate practical value, may be read next. 


4. Integrals involving y(ax?+2hx+b). We first take steps 
to simplify the quadratic expression under the square root sign. 
(i) Suppose that a is positive. Then 


a(ax® + 2ha+b) = (ax+h)*+ab—h*. 

Write axt+h =x’; 
a’2+ 2 (ab>h*) 
’2_@2 (ab <h?) 


where p? = ab—h?,q? = h?—ab πον ΕΣ ᾿ 
(ii) Suppose that a is negative. Then —a is positive, so we write 


—a(ax? + 2ha+b) = h®-—ab—(ax+h)*. 


then a(ax* + 2hx+b) = 


14-2 
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If h? — ab is negative, the right side is necessarily negative, so that 
ax*+ 2hx+b is also negative and (in real algebra) has no square 
root. We therefore take h? — ab to be positive, and write 


r? = h?—ab; 
thus, if αα - ἢ τε χ', 
as before, we have 
—a(az* + 2hx+b) = r?—z'2, 
If, then, we have to evaluate a rational function of x and 
(aa? + 2hx +b), we may first apply the transformation 
axt+th =z’, 
The integrand becomes a rational function of 2’ and of a surd 
which may assume one or other of the three forms 
(i) J(v* +p?) a>0, ab—h?>0, 
(ii) /(v’*-g?) a>0, ab—h?<0, 
(iii) {(r?-2’2) a<0, ab—h? <0. 
We may now drop the dashes and treat x as the variable. 


(i) The surd ,/(a* + p?). 
Consider the transformation 


Qnt 


γὼ IU 


The graph (Fig. 98) indicates (what 
can also be proved algebraically) 
that all values of x are obtained by 
allowing ¢ to vary continuously 
from —1 to +1. We therefore 


J 
as. ee ees See 


impose the restriction 
—i<t<t Fig. 98. 
on the values of t which we select. 
2 
We have js ENS) dt, 
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Since #<1, we have, without ambiguity (assuming, as we may, 
that p is positive), 1+# 
v (2? + p*) = Ἐτ- P 

Hence a rational function of 2, (x? +p?) is transformed into a 
rational function of t, and may be integrated accordingly. 

(ii) The surd .{(x? —q’). 

Consider the transformation 
_ #+1 

se Ts 

The graph (Fig. 99) indicates (what can also be proved algebrai- 
cally) that all values of x for which x > g are obtained by allowing ὁ 
to vary continuously from +1 to +0. 


Fig. 99. 


[We can restrict ourselves to positive values of a, since a range 
of integration which involved the two signs for x would have to 
pass through the region —q<a<q where ,(2*—g*) is undefined. 
We could, of course, equally restrict ourselves to negative values 
of x if necessary. ] 


We may therefore impose the restriction 


t>1. 
—4qtdt 
Now dx = ee 
4135 
ὑπ... Tiga 
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Since ¢>1, we have, without ambiguity (assuming, as we may, 
that g is positive), 


γι" - αἡ = tat 


Hence a rational function of x, ,/(2*—g*) is transformed into a 
rational function of t, and may be integrated accordingly. 


(iii) The surd {{{γ3 -- αϑ). 
Consider the transformation 


#1 


Ἐν 


The graph (Fig. 100) indicates ~~~ ~~~ ~~ <a eels 
(what can also be proved alge- 
braically) that all values of x for Fig. 100. 
which 2*<?r? are obtained by 
allowing ¢ to vary continuously from 0 to co. We therefore impose 
the restriction 


ἐ» 0 
on the values of ¢ which we select. 
4rtdt 
We have τε (P+) 
Da ον, 
a (3 ῬΓᾺ 1)?” 


Since ¢>0, we have, without ambiguity (assuming, as we may, 
that r is positive), 
: ?+1 


Hence a rational function of 2, ,/(r?—2?) is transformed into a 
rational function of ¢, and may be integrated accordingly. 


Note. The work just completed proves that the integrations are 
POSSIBLE; it does not necessarily give the easiest method. For 
example, the quadratic surds may also be subjected to the 
following substitutions: 


(i) For /(z?+p?), let x = ptan θ, or x = psinh 6; 
(ii) For ./(x?—g?), let x = qsec 0, or x = gcosh 8; 


(iii) For ./(r?—2?), let x = rsin 0. 


ALTERNATIVE TREATMENT OF INTEGRALS 207 


5, Integrals involving (ax? +2hx+b): alternative treatment. 
Integrals of rational functions of a, ./(ax®+2ha+b) may also be 
treated by methods which, by leaving transformation until the last 
stages, retain the identity of the surd. We begin by reducing such 
a rational function to a more amenable form. 
Since even powers of ,/(axz*+2ha+b6) are polynomials and odd 
powers are polynomials multiplying the square root, we may 
express any polynomial in 2, /(az?+2h”+) in the form 


P+Q, (ax? + 2hx +6), 


where P,Q are polynomials in x. Hence any rational function, 
being by definition the quotient of two polynomials, is 


P+Qaz*-+ he +b) 
R+8 (ax? + 2hae+6)’ 


where P,Q, R,S are polynomials in x. Multiply numerator and 
denominator by R—S (ax? + 2hx +b), so that the new denominator 
is the polynomial R*—S?(ax*+2he+b) and the numerator 
PR—QS(ax? + 2ha+b)+(QR—PS) (ax + 2ha+6), and we obtain 


the form 
A+B,j(ax* + 2ha +b) 
C 9 


where A, B,C are polynomials in x. We already know how to deal 
with the rational function A/C, so our problem reduces to the 


integration of By (ax? + 2he +6) 
——— 


It is found (surprisingly, perhaps) more convenient to have the 
surd on the denominator, so we multiply numerator and denomi- 
nator by /(az?+ 2ha+b), obtaining 


U 
VJ(aa? + 2ha +b)’ 


Ρ 
i (aa? + 2ha +b)’ 


where F is a rational function of x. 
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By § 2 above, the problems to which F gives rise involve as 


typical terms 
il x” (m>0), 


= (n> 1), 


Az+B 
(pa?+ 2qn+r)* (n>1, g*<>pr). 


We have therefore to consider the three types of integral: 


: a” dx 
| aateaer ("> 


᾿ de 
©) | =a lasts tate) |") 


(iii) Ϊ (4:1:-:-: Β)άκ 


(ρα3- 2gx+r)"/(aa?+ 2ha +b) 


(i) The evaluation of the integral 


(n>1, g?<pr). 


In =| Ter ξῆστο Hea ee 


Preparing the ground for an integration by parts, we observe 
the identity 


2 
al, 4+ 2hl~.,+b1, = (ax? + 2ha +b) απ ἀκ 


(aa? + 2ha +b) 
= | em Yas? + 2he +d) de. 


Now performing the integration, we have, on the right-hand side, 
1 emt) (ax+ h) 


gmt a = 
πε Var + 2 δ) το τ] aaah hae + δ) αν 


+1 
δ Mla? + Bh +b) — — 


τία Ια Ὁ] m+1) 


Equating the two sides, we have the recurrence relation 
(m + 2) aI 49+ (2m+ 3) hI ns + (m+ 1) 61, 
= gmt J (ax? + Qha + b). 
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This enables us, once J,,J, have been determined, to calculate 
I,, 13,14, ... successively, and so to evaluate J,, for any positive 
integral value of m. 

For 10, we must reduce the surd to one or other of the forms 
enumerated earlier in this section, giving 


[πῆτρ- oe e+ "εν" 
or | Tea = log {a+ /(x*—°)} 


dx ἔν 
or Ve—2) = sin (x/r). 
For J,, we have to consider the integral 
xdx 
J (ax? + 2ha +b)" 
(ax+h)dx 


Now al, +My ={ (aa? + 2ha +) 


= \(ax?+ 2he +), 


I= 


so that I, =~ { (aa? + 2har+b)— hI}. 


(ii) The evaluation of the integral 


ni: Ae αι κά 
(a—k)" |(aa® + 2ha +b)" 


We can reduce this type to the form of type (i) and evaluate 
it at once by the substitution. 


1 
x—k Τ᾽ 
] 
2 
Then αὐ + 2ha-+b = αι: Ὁ) +2n(b+2) +b 


] 


where a=ak?+2hk+b, B=ak+h, y=a. 
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The integral is therefore 


ang Malt 2Bt + y) 
ἔν-1 dt 
- -\Fearsa) ok 
which is of the first form 
x™dxz 
4 (ax? + 2ha + ὃ) 
(iii) The evaluation of the integral 
Tw Ϊ (Axv+B)dz 
πὸ ) (px* + 25 - 7). («5 + 2ha +b)’ 
where n>1, qg?< pr. 
The general case is very difficult. It is, of course, possible to 
avoid it by expressing the rational function as a sum of complex 


partial fractions of the type 1/(e—k)", where k is complex. This 
reduces the integration to type (ii) 


| dx 
(@—k)* |(aa?+ the +) by (ax® + tha +b) (k complex) 


already discussed. The final return to real form is an added point 
of difficulty. 


We begin with an algebraic lemma, designed to reduce two 
quadratic expressions simullaneously to simpler form. 
Lemma. 170 establish the existence of a (real) transformation of 
the type ν- ot +B 
t+1 
which reduces the quadratic expressions 
ax*® + 2hxz +b, 
pur+2Qqu+r 
ul? +v 
(¢+1)? 
μ΄ +’ 
(¢+1)* 


(m>0). 


to the forms 


simultaneously. 
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Since (t+ 1)? (az?+2ha+b) 
= a(at + 8)? + 2h(at + B)(1+t)+b(1 +t)? 


under the transformation, we see that the coefficient of ¢ vanishes 
on the right-hand side if «, 8 are chosen so that 


axp+h(x+B)+6 = 0. 

Similarly the coefficient of ¢ from pa® + 2qgx+r vanishes if 
pap+q(a+P)+r = 0. 

Also «, 8 necessarily satisfy the equation in 0 
aB—O(a+B)+ 6? = 0. 


On eliminating the ratios «8:%+ {8:1 between these three rela- 
tions, we obtain the equation 


eC # ὃ 
Pp qr|=9, 
1 ..98 @ 


which is a quadratic in @ with (by definition) roots «, β. Hence 
a, β may be found and the transformation determined. (If, ex- 
ceptionally, a/h = p/q, the two quadratics differ only by a constant. 
The substitution ax+h = at reduces the integral J,, to one or other 
of the types discussed on p. 213.) 

Moreover «, f are real. If not, they must be conjugate complex 
numbers, since all coefficients are real. Suppose that 


a=A+tip, B= A—ip (A,p real). 

Since paB+q(a+B)+r =, 

we have the relation 
p(A° +p?) + 2qa+r = 0. 

Multiply by p (which is not zero, by the nature of the problem). 
7 pr? + 2pqrA+ pr +p"? = 0, 
or (pA +)? + (pr -- αὐ + (pe)* = 0. 
Since Ὁ, 4, A, » are all real, the two squares are positive; and, by 
hypothesis, pr—g? > 0. Hence the left-hand side is positive. We 
are therefore led to a contradiction, and so the supposition that 
a, β are not real is untenable. 

Moreover, the condition pr—g? > Oshows that «, 8 are DIFFERENT 
numbers. 


212 SYSTEMATIC INTEGRATION 


SumMARY. We can find two distinct real numbers, «,f, the 


roots of the quadratic equation 
ah 0o6b 
p ¢q r|=0, 
1 -0 @ 
which enable us, by means of the transformation 
_ at +B 
es ἐν 
to reduce the two quadratic forms 
ax* + 2hx+b = 0, 
pu+2qe+r=0 (g’<pr) 
to the forms Ἐν 
(¢+ 1)?’ 
uP +9’ 
(t+ 1)? 
simultaneously. 


Let us now return to the integral. On substituting for x in the 
expression Ax+ B, we obtain an expression of the form 


Ci+D 

t+1 ’ 

where C = Aa+B, ἢ = A+B; also 
ἄν = =F at 

Ci+D α--β 

, t+1 ‘(é¢+1)? 


(μ΄ 2 +’)” (ul? +0) 
(¢+1)" ~ £41 
[ΞΟ ΘΕ ΡΝ 
(ω 13- συ)» (2.0)  * 
‘The numerator, which is a polynomial in ¢, can be expressed in 


the form P+Qt, where P,Q are polynomials in ἐξ; and so, writing 
μ΄ {2.1 υ = 8, or 
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we obtain P and Q as polynomials in s. Hence the numerator can 
be expressed as a polynomial in s = (u’é? +’), together with ¢ times 
another polynomial i in (u’t?+’), the order of the whole numerator 
being 2n—1 in t, which is less than that of the denominator. 
Hence J,, is found as a sum of integrals of the form 


dt tdt 
0 |warereery | wrrey array 


For the latter, put ψ = ul? +9, 
so that ydy = utdt; 


hence Be sleet wok ἢ 


ia αἰ a. ane 
fu’ y? + (uv' —u'v)}*’ 
which reduces the problem to the integration of a rational function. 


Finally, consider 
dt 


C=) PEO uP ro) 
Write αὐ ευ' = “, 


' 1 
2u’tdt = -; 5, 


᾿ = ͵ 
so that t= /(- 52) 
“2 
ae u—(uv’ πον): 
wz 


dz u'2 "2 
The =| ᾿ ~ Qu'z? J (<= =) ov J ἰ —(uv’ —wu’v) ἢ 
zk-ldz 
Re vz) {u—(uv’ —u'v)z}] 
But the integral is of the form 
zk-! dz 
(a+ 2hz + b2?)’ 

whose evaluation we considered in the preceding section. 

The whole integration may therefore be effected. 


᾿ T_T ΄ἁψα «-« “- «-- 


᾿ 
᾿ 
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6. Trigonometric functions. Since 


De 1—tan*iz aie 2tan 4x 
1+tan? 42° 1+tan? $2’ 


trigonometric integrals may be reduced by means of the 
substitution 


ἐ = tan 4a. 
1 -- 2t 
εἶα τον τος 
2Qdt 
alah es ἢ 


Hence a rational function of sing and cosz is transformed into a 


rational function of t, and may be integrated by the methods of ὁ 2. 2. 
For reduction formule for 


| sin™ x cos" dx 


and similar integrals, see Vol. 1, pp. 106-10. 
The substitution ¢ = tan $x should not be applied blindly. For 
example, if the integrand has period 7z, the alternative 


i= tanz 
may be better. 
Thus, consider the integral 
= dx 
~ J (sec a+ cos x)?” 


‘ 1 1 
si {sec (x + 7) + cos (2+ πὴ} (sec a+ cos2)?’ 
we may use the substitution 
t= tanz, 


sec? adx 
Now I= “Fee ΠΡ 


ie [πξ (ὁ Ἐ2)5 
This is the integral of a rational function, and may be evaluated 
according to the usual rules. Alternatively, the substitution 
ἐ = 2tan θ᾽ makes the integral trigonometric again, but leads to 
an easy solution. 
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7. Exponential times polynomial in x. A polynomial is a 


sum of multiples of powers of x, and so, in order to evaluate the 


integral 


[σ΄ τα, 


where f(x) is a polynomial, we need only consider integrals of the 


type 
εἰς u,=| ePtyrdx (n>0). 


Integrating by parts, we have the relation 
᾿ς = 5 ePr γῆ — ΠΩΣ dz, 
p P 
leading to the recurrence formula 


1 n 
U, = —eP@a"——u,_, (n2>1) 
n p p n—1 


which enables us to express u,, in terms of 


U)= [ersae = 3 οΡα͵ 
Pp 


8. Exponential times polynomial in sines and cosines of 
multiples of x. Consider the integration of a sum of terms of the 


type 
ePt sina, xsind,%...sind,,x cos b,x cos box... cosb,, ὦ, 


involving m+n factors in sines and cosines. The use of the 
formule such as 

2sin ux cos vx = sin (u+v)x+sin (u—v)2, 

2sin ux sin vz = cos (u—v)x—cos (u+v)2, 
and so on, enables us to reduce the number of terms in a typical 
product to m+n—1,m+n—2,m+n—3,... successively, while 


retaining the same type of expression. Ultimately we reach one 
or other of the forms 


C =| cos gad, 


S= os sin φαΐ, 
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whose solution should now be familiar. We find 


C “piggi’ Pocege Ὁ πίη σα), 


1 L 
~ sige e Pan ge—gopege). 


Warning. The work of this chapter will enable the reader to 
evaluate (ultimately) any integral that comes within its scope. 
But there are many functions which cannot be integrated in terms 
yet known to him. Some of these are very innocent to look at; 


for example, ' 
| nF ἃς | ede, 


| dx 

γ{{ -- α;)ὰ -- 133} 

Thorough familiarity with the rors of the integrals that can be 
evaluated should help in the avoidance of these pitfalls. 


[For examples on the work of this chapter, see Revision 
Examples VIII and IX, pp. 226, 227.] 


CHAPTER XIII 
INTEGRALS INVOLVING ‘INFINITY’ 


1. ‘Infinite’ limits of integration. It is often necessary to 


evaluate an integral such as 


[teraz 


under conditions where 6 tends to infinity; we then speak about 
‘the integral from a to infinity’ 


οο 
[tear 
a 
Similarly we meet the integral 
ὃ 
[΄."ολάι, 
or, combining both possibilities, 
be 2) 
[θα 
-οο 


Our problem is to discuss what is meant by such integrals, and 
to show how to evaluate them. The general theory is difficult, so 
we confine ourselves to the simplest cases. We also assume that 
the function f(z) is continuous throughout the range of integration. 

We define the integral to infinity 


[τα 
by means of the relation 
Ν 
᾿ ᾿α)ᾶν = lim Ϊ flx)de. 
a N->@Ja 


In the cases with which we shall be concerned, the indefinite 
integral F(x) of f(x) is considered to be known, so that 


[τῶ = F(N)—Faa). 


15 M tL 
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We can therefore evaluate the integral to infinity in the form 


[ “f(e)de = lim Κ}))-- Τα). 


It may be added that it is often possible to evaluate the definite 
integral [ - f(x)dz even when the indefinite integral [ S(x)dz 
a 


cannot be found. A well-known example is Ϊ δ —— dx whose value 
0 
is ἀπ. 


ILLustTRATION 1. To evaluate 


co 
i ἐκ 
1 


Consider the integral 
N 
] «πᾶς (n+-—1) 
1 


which, by elementary theory, is 


l N 
- antl 
Ee l | 
N71 1 
ἽΣ eh Sa 
If n+ 1 is positive, then N"* increases indefinitely with N, so 
that ayer 
Gin Ξε σε 
does not exist. 


If n+1 is NEGATIVE, then N”*1 tends to zero as N increases 
indefinitely, so that 
. (Ne 1 1 
Ξε τε 7 ρῖτ 


Ν-» ὦ 


Η “ada = —— 
ence [ve ΦΓΈΣΝ ἢ (n< -- 1). 
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ILLUSTRATION 2. Τὸ evaluate 


οο 
[ xe“ daz, 
0 
We know that, on integrating by parts, 
[τὰ = —ne*+[1 edz 


= -- χε —e-*, 


Ν Ν 
so that Ϊ δ᾽ dea [-ὐ He] 
0 0 
= —(N+ 1). ν + 
Now (N+ New a 25+ 2 αὐτὸ 
1+ N+) ++ 


and, for positive values of V, the denominator is certainly greater 
than 4N?, so that 
(N+1)eX< an. 
Thus (N+1)e*+0 
as NV increases indefinitely. Hence 
[verde = lim {-(N+1)e"4}} 
0 Ν- τ 
= 0+1 
=], 
ILLUSTRATION 3. 7'o evaluate 
> dz 
~o 1l+2* 
Consider the integral 
N de 
Ϊ ~u 1 +2" 
where M,N are large positive num- 
bers. The value of this integral is 


or tan! Ν —tan-?(— 1). Fig. 101. 


15-2 
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Care must be exercised in selecting the correct angles from the Let I= Ϊ Pa e-*dx 
many-valued inverse tangents. The graph 0 
N N 
y = tan-'z, == [το +m| «πὶ ρα dz, 
0 
shown in the diagram (Fig. 101), illustrates the ‘parallel’ curves : 
along which y must run, and the values selected must be confined — Nme-N = N™ Fs N™ 
to one of them. The most natural choice is to work with the curve εν 1 ye area i 
through the origin O. Then for large negative values of 2, the 21: 3! 
value tan—!(— 1) just exceeds —47; as x increases, tan-!z rises - ‘ : 
continuously through, say, —47, —47, —4r, 0,47, 4a and so on, and the denominator, being certainly greater than 
approaching the value ἐπ for the limit of tan— NV. N™1/(m+1)!, 
Hence i oe = lim ftan-! V}— lim {tan-1(—)} greatly exceeds the numerator for large values of NV, whatever m 
-ο 1 ἐς Ν- ὦ λ1- ὦ 
may be, so that lim N™e-¥ = 0. 
= ἐπ +> ἐπὶ) Ν- ὦ 
ee Also gyme-t = 0 
ILL 4, iable. 
USTRATION 4. (Change of variable.) To evaluate Wisse ἢ, dane μὲς ἃ. 
ΙΝ dz N 
ο (1+22)? Hence i [-zne-| = 0, 
Pn Ν-» 0 
Consider the integral uy= ᾿ +a and so, as N->0o, εἶ. = ει... 


The formula of reduction enables us to make the value of J, 
depend on that of J); for 


Make the substitution x = tan 6, 


dx = sec” 6 dé, 
2 = 
Then Un -|= = cost 6dé@ Dyn ml MI ins 
sect 9 = m(m—1)d,,-¢ 
ie ee: i ee jé- MME οἱ Rin BEL Mg une γεν τε 
When x = 0, we may conveniently take θ = 0. As 2 increases, = m(m—1)...2.1dp 
9 also increases, assuming a value very near to ἐπ for large values ' 
of V. In the limit, we obtain the value 47. Hence = m! Jy. 
dz ἐπ ] [ἐπ oO 
ΒΕΓ: “0 ΟἸΝΒΟΤΟΞΕΒ 2 quo = —2 dz 
[π παρ [ cos? θάθ Ἴ (1 + cos 26)dé Moreover, Τ' " e 


= }π. [ I 
= lim | —e* 
IutustraTion 5. (Formula of reduction.) To evaluate Na 0 
= - = li —e-N+ 1 
J, = [- [2 dz, οἷ | e 


= ἰ, 


where m is a positive integer, greater than zero. 
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ὍΟ 
Hence I x™ edz = m| 
0 
EXAMPLES I 
Evaluate: 
4] ὉΟ © 
1. | ul 2. | ee 3. [ χϑεοττ dar. 
1 2 2 % 4/22 0 
oO dz l dz 0 ‘ 
“πεν “ y ἀτοξι τήνε NX - -Ὁ , 
tage 5. eer. 6 [ve sin xdx 


Ὁ 
υ I e*, stating for what values of a the integration is possible. 
0 


2. ‘Infinite’ integrand. It may happen that, in evaluating 
the function 
[ρα 


we find that the integrand f(x) tends to infinity—or, indeed, has 
some other discontinuity—in the range of integration. Suppose, 
for example, that f(x) increases without bound near x = 6. If ¢ is 
inside the interval (that is, not equal to a or b) we ‘cut it out’ by 
considering the sum 


[ας f _fledde, 


where ε, are small positive constants, over ranges which just 
miss ¢ on either side. We then define the value of the integral to be 


-ε : b 
lim [ fa) da-+ lim [ _fledde, 


supposing that these limits exist. 
When ὁ is at a or ὃ the modification is obvious; only one limiting 
value is then required. 


InLustration 6. 70 determine the values of n for which the 


integral 1de 


exists. 
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Consider the integral 


ς x” 


As ¢ tends to zero, the term ¢!— also tends to zero if the exponent 
1—n is positive; otherwise εἶ τῆ increases indefinitely. Hence the 


integral exists provided that 


n<l, 


1 
and its value is then >— {1—0} 


The case n = 1 requires separate treatment. We then have 
1 
[Ξ = [lose = log 1—loge, 
δ x 6 


so that (compare p. 4) the integral does not exist. 
The required condition is therefore 


n<l. 


ILLUSTRATION 7. Τὸ evaluate 


ΤΡ ΞΘ τς 
Ϊ (ς -τ-ϑ) γα -- 1)’ 


This integral involves two infinities; the upper limit of integra- 
tion is infinite, and the integrand is infinite when x = 1. The two 
phenomena must be kept separate. 

We consider the integral 


N dz: 
in| cae 3) (5 -- 1 
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Write z—1 = ?, 
dx = 2idt. 
Then Pin _2tdt | 
(t?+4)¢ 


between appropriate limits. 

Now we have cut out the value x= 1,t=0 by making the 
lower limit 1+¢. Thus ¢ is never zero, so that the factor t may be 
cancelled from numerator and denominator of the integrand, 


Hence 
ἘΠΕ lava 
(2744 


Ὁ 


between appropriate limits. 


Consider the range of variation of ¢ as x increases continuously 
from 1+« to N. We have 


t=+,(x-1), 


having committed ourselves to the positive square root by putting 
γα- 1) =¢ in the integrand during the substitution. Hence { 
increases continuously from the small value Je to the large value 
Vv —1); and as it does so, tan-!(4#) increases continuously from 
just above zero to just short of 47. Thus, in the limit, 
I =}4nr-0 
= ψπ. 


ILLUSTRATION 8. ΤῸ evaluate 


[. dx 
a γί(α -- α) (6—2)} (0<a<h), 


The denominator in the integrand becomes zero at x = a and at 
« = ὁ, and so we must consider the integral 


b—y da 


Iz + ee ΑΒ...» ἘΒΕ 
ate γί(α -- α) (b—2)} 
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Make the substitution 


x = acos*t+bsin?t, 
dx = 2(b—a) sintcostdt. 
Then *x—a = (b—a)sin’*t, 
ὃ --α = (b—a) cos*?. 
Consider the range of integration in the variable ἐ. When x = a, 
we have asin?t = bsin®t, so that sinté = 0; and when z= b, we 
have bcos?t =acos*t, so that cost=0. We must select as 


starting-point for ¢ a value for which sint = 0 (corresponding to 
ῷ = a), and the obvious value is ¢ = 0. The relation 


τ = 2(b—a)sintcost 

shows that, at any rate for small values of t, the variables z, t 
increase together; and this process continues until t= ἐπ, at 
which point x has the value ὃ. The range is therefore 0, ἐπ. But 
we have had to exclude these points themselves because of trouble 
with the integrand, and so the range must run from just above 
zero to just short of 47; say from ε' to ἐπ -- η΄. Thus 


ee ἐπ--η 2(b—a)sintcostdt 
~ Je γί -- α) sin? ¢ cos? ἢ)" 
Moreover the ΡΟΒΙΤΙΨΕ value of ,/{(6 —a)* sin®¢ cos®¢} in the interval 
0, ἐπ᾿ is (ὁ --- α) sin t cost, so that 


ἐπ--η' 2(b —a) sin t cos ἐσέ 


Fon ee 


(6—a)sintcost ~ 


We have excluded the end-points, so that sin¢ and cos# are not 
zero in the range of integration; we may therefore cancel factors 
in the numerator and denominator of the integrand, giving 


ὑπ-- πη 
1 [ odt 
é 


= 2{(47—7')—¢'}. 
Proceeding to the limit as ¢’,»’ tend to zero independently, we 
have I = 2(4n) 


= 7. 
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REVISION EXAMPLES VIII 
‘Advanced’ Level 


1. Find the following integrals: 


{ de { x2 dex { dx 
(v—1)(@—3)" J (e-1)(@-3)’ J γίω--1)(8.--ἀ}}" 


241) x 
2. Inte _ (2? +1) 
erate ate’ Jatt 24d) 
dx 


ἐπ 1 (ὃ 
Show that [ atbane = αΣ-- δ) cos (2) (ὃ <a). 


3. Evaluate the integral 


xdx 
a \{(e—a) (b—a)} 
by means of the substitution x = a cos? @+bsin? @. 
Prove that the integrals 


[ 21 —a) Ἢ ᾿ 43(1-- αὐτάς 


are equal, and show that their common value is 


7!8! 
101" 
4, Integrate 
x3 : 
(@+1)(@—9)’ (x+a)(x+6)}, sin'z. 
5. Integrate 


x x x5 
(l+2*)(l—a)’ J(w®+4%+5)’ (a?+22)? 


Prove that, when a,b are positive, 
[ cos* σας a. a 
ο @cos*z+b6?sin?z a(a+b)’ 
6. Integrate 
(27+ 3) 1 xe 


State’ Zi@toen1) Gr 
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7. Integrate 
et), J(z*+a”+1), (log). 
8. Find a reduction formula for 
[ Ἃ Ἐξ dz, 


and evaluate the integral when ἢ = 2. 
9. By integration by ἐπ show that, if 0<m<n, and 


tn [ὩΣ wm τ fam(1 -- α)ὴ) δα, 


then [= -αἱ να τν — {an(1— —x)"}dx. 
Deduce that I= 0. 
- (2.3 + 6a + 5) 
10. Taking y= a ; 
verify that the result of changing the variable from y to « in the 
integral dy 
γῳ" --ἢὉ 
; dx 
" +2) (227+ 6x +5)" 


dx 
= 2. 
Deduce that ~ z+ 2) du? + Ox δ) log, 
REVISION EXAMPLES IX 
‘Scholarship’ Level 


1. Show that, if a, = |’ ——, 
then, provided that n +1, 
2u,, — 5u, 1+ 2u,_. = 0. 
Hence, or otherwise, show that, if n is a positive integer, 


U, = 7/(3.2"). 
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2. Prove that 


ἐν ἀθ ᾿- ἐν» 
, FemTOT EERO ~ agp |, Ἰοείδα θάθ =o, 


ἐπ 
[ sin? @ log tan 6d@ = 1π. 
0 


3. (i) Prove that values of a,b can be chosen so that the 
substitution 


yields the result 
{ Sees. ΟΝ Ὁ ων: ἘΝ 
(2.3 -- 6x -- δ) {(δ. --12..-8 } (+1) /( - 4)" 
(ii) Find the indefinite integral of 
t+1 
(#7 +1) /(2 +4) 


4. Evaluate [ein x)? de, ΙΝ oH Ie 


5. Prove that 


[Woos 2x —cos 4x) da = 4,/6—},/2log (2+,/3). 


“ἄς 
5, Bivainate ᾧ ΠΟΙ x)’ lyase 
7. Evaluate 
xtan—z {᾿ cos? 6d@ 
9 (+22) 9 a cos? 6+ 6? sin? θ᾽ 
᾿ dx 
= Jamas 
adx 
8. Evaluate 3 πε τ πτ' 
‘ dx 5 
Find lean [33 χά. 
9. If fae =|" cos (ἢ — cos(n—1)%—cosnex , 
l—cosz ἱ 


show that J, is independent of n, where n is a positive integer. 
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Hence evaluate J,, and prove that 
CG ) dz = 2nn, 
sin ἐσ 


α «ἀκ ἐπ 3... 9 0055; 
(areca | orosse™ 


11. Evaluate the integrals: 


10. Evaluate 


; (1-.-.}} ᾿ [ 9 cos?a+2cosasinz+sin? x’ 


Py a el onde: 
fr (4 1)(1+e*) 


ω x2dx 
12. Evaluate Ϊ G-a)(+e) re 


dx 
13. Evaluate i (a? + a?) (a? + δ᾽) (αϑ- οὗ) ; 


where a,b,c are positive. 


14. Prove that 
dz a 
piesa ‘me =<" 
Evaluate 
dx Ὁ (χϑ- 1) dx 


9 w+2z%cosatl’ Jo a4+22*%cosatl 


15. Prove that, when b>a>0, 
——— 
Ι a? +6%— 
heer _ 2a 
a (a? + 6? — 2ab cos 
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Make it clear at what points of your proofs you use the condition 


b>a>0. 
16. Evaluate the definite integrals: 


© dx 
ΜΕΤ ΣΙ 


[« +2?) ὑδη- ἴα ἄχ. 
0 
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17. Evaluate 
Σω δ  1-rcos@ 
-~3l1—2rcos0+,/2 
when (i) 0<r<1, (ii) r>1. 


Prove that, 5 being fixed, I tends to one limit as r->1 through 


values less than 1, and to a different limit as r-> 1 through val 
greater than 1. ‘mais: 


Show, also, that neither limit is equal to the value of J when 


d@ (0 «ὃ «πὶ 


f=], 


18. Show that, by proper choice of a new variable, the integra- 
tion of any rational function of sinz and cosx can be reduced to 
the integration of a rational algebraic function of that variable. 

Integrate 

sin x 1 
sin(~—a)’ sinzcosx+sinz+cosxz—1° 


19. Integrate Sat) ΠΣ 
egra & J(a* +2241) 
Prove that 


e dx a 
1 (z+ cosa) /(z?—1) sina (0 «α «πὴ, 
τ xdx πα 
(ae (0 «α « ἐπ). 


] 
20. Integrate @+1) arb) (ὁ <a). 


Evaluate 


[ ea 6-2)har, . asinadx 


\d=atsintz) |#!<1. 


Prove that 
oo ἐπ 
[0 Pin βογείη σαν = yo J (cos 2x) cos xdx, 


21. Evaluate the integrals: 


(Ges fitz, eat 
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22. Find the integrals: 


x dx 


εν πᾶς. Τὴν fea +2) log xdz. 


dx 
Evaluate las (1+ 2a—a4) 
23. Prove that, if a is positive, the value of the integral 


ἐπ 1—acos@ 
9 1—2acos6+a* 


is —cot—a or —cot-a, according as a<1 or a>1, where the 
value of οοὐ is taken between 0, ἔπ. 
What is the value of the integral when a = 1? 


24. Show that, if P,Q are polynomials in s,c (where s = sin 8, 
c = cos 0), of which Q contains only even powers of both s and ὁ, 


then 
Ϊ F 40 
ῳ 
can be expressed as a sum of integrals of the form fr) ds, 


[Raed [περι where t=tan@ and each of the functions 


R,, Εις, R, is a rational function of its argument. 
Apply this method to obtain 


. [Ὁ βίη θ)(1: 905)», ny [1 
@ (See a Ora 


In case (ii) obtain the integral also by the substitution 
x = tan 10, 
and reconcile the results obtained by the two methods. 
25. Show that the substitution 


b 1\? ἃ 1\2 
--2 (t+) +5 (t-3) 
reduces the integral 


Ϊ Γία, ψίαω +b), ψίοα +d)} de, 


where F(x, y,z) is a rational function of x, y,z, to the integral of a 
rational function of ¢. 
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Hence, or otherwise, find 
~ f(e-—1)8 
(v+1)# 
26. Find a reduction formula for 
Pe, Sek. Soe 
nj (6+4cos a)" 
in terms of [,,_,,7,_. (n> 2), and use it to show that 


ἐπ dz 1 
[ (5+4cosa)? 81 e845). 


dx. 


27. Find a reduction formula for 


o> ae 
ey 
Evaluate the integral when ἢ = 1 and when n = 2. 


ἐπ 
28. If I - | sin? x cos? xdz, 
0 


P,@ 


1) i, oe (q2 2), 


ea σεῖς Ipaq (p>2) 
ν᾿ -2,¢@ Fah 


and evaluate J,_, , where « is any positive real number. 
δ 
ὅν, τὲ “ὦ [ we eosbadz, J, = i “z"e-* sin ba, 
0 0 


where n is a positive integer and a,b are positive, prove that 


I,,(a* + 6?) = n(al,_,—bd,,_1), 
J,,(a? + 6?) = n(bI,,_, +aJ,_;). 
Show that (a7+5?)i™+D7) = n!cos(n+1)a, 
(a? + 3). Ἐ1) J = n!sin (n+ 1)a, 
where tan « = b/a and 0<a<4z. 
30. (i) Prove that, if 


daz 
ἈΞ [ ατδιαπας (>) 
then (a? + 6?) u, — 2au,_1+Un_s = : 


(η -- 1) απ τὶ" 
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(ii) Prove that, if n is an integer and m> 1, then 


π ἐπ 
(m®— nt) | sin” xz cos 2nadx = m(m— Ἢ] sin”—* x cos 2nx dx. 
0 0 


31. Find the reduction formula for 


ΕἼΤΕ ΕΝ 
(aa? + Qha + δ) 11" 


Prove that, if a and ab—h? are positive and n is a positive 
integer, then 


3 dx Qn-—-1 a Τ' ἄχ 


wo (ax®+2ha+b)"1 ~~ In ‘ab—h?) _.. (ax? + 2ha +b)" 


1.3... (2m—1) παῖ 
2.4...2n ᾿(αὖ -- ᾿Ξ γυε" 


32. Show that 
ᾳ -- ») "λας 1 
ee ce Teena oat 
where gq? = ap* + 2hp+ob, 


y |(ax? + 2he+b) = (ap+h)x+ (hp +b). 
Deduce that, when a,b, h+./(ab) are positive, 


0 dx 1 
[ (ααϑ μα Ὁ} {h+J(ab)} Jo’ 


ον ade ᾿ 1 
᾿ ax?+2ha+b)!  {h+,J(ab)} Ja’ 
33. Find a reduction formula for the integral 


dx 
J (1+2)" /(1+2%)° 


Prove that 


dx 
ress +2?) = $,/2log(1+,/2), 


3 (1 aI +22) ${2 + /2 log (1 +/2)}. 
ἘΣ ; ΜΗ 
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34. (i) Integrate rie gH δ 
gra (@+4) γα ἡ 


(ii) Find a formula of reduction for 


fa +222)" er dy, 
35. (i) Evaluate 


μ dz 
Roasters da) (a>1). 


ii) If aired ee 2 
(ἢ ἊΝ vn | 7 
prove 


NU, —(2n—1)U,_,cosa+(n—1)u,_, = 2sin Jo 
when > 2, and evaluate Ug, Uy. 
36. Obtain reduction formule for the integrals 


[ΞΞ dx, [- sin2 “ἄχ, 
0 


x 
1 
and evaluate the first integral for any positive integer ἢ. 
x? dx 
37. If I,=|- -- 
» Jo γα πὴ (p,q real, p>q—1), 
prove that 


(2p—q+ 2) L, + (2 --2ῳ- 2)... = 2,2. 
Hence, or otherwise, prove that 


ΑΝ, - ς 
o γί" +1) = 


38. If — [ ibaa Me 
a (® +k)” J(a? +1)’ 
verify by differentiation that, when n is a positive integer or zero, 
2(n +1) k(k—1) L,,9—(2n+1)(2k—1) I, ,,+2nI, 
τὰ ΓΞ 


1. 
τε (142-16). 


Show further that J, can be integrated by the substitution 
f(z? +1) = at. 
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Hence, or otherwise, find 


39. Show that, if 


\ ere 
o (2+ 2)? γα τ 3)" 


: me 
i= rh z"e*cosxdxz, J, = al x"e sin adx, 


‘Jd 


then ὝΨΙ ἘΜ Dye sibs 


Hence, or otherwise, prove that 


cos ζ(η - 1)π 


Ly, = = Q4(n+1) “ 


40. Find a reduction formula for the integral 


ἐπ dz 
0 cos” a’ 


and evaluate the integral for the cases n = 1, 2. 


41, Prove that, if 


det 
- -ἰττ 1)" {5 +1) 


(n>0), 


a /(x? + 1) 


then (n+ l) lend, = (222+ 1yet" 


Hence evaluate the integral 


and use it to evaluate 


dx 


42. Find a reduction formula for the integral 


x"dz 


= | Tear oe FO) 


J 


ada 
(x? + 2a+ 2)" 


235 


APPENDIX 


First Steps in Partial Differentiation 

The functions which we have considered in this volume have 
always involved a single variable. The work on functions of 
several variables belongs to a later stage, but it may be convenient 
to set down one or two of the most elementary properties—mainly 


definitions and first applications. 

Consider, as an illustration, the expression 

ξεῖν 23. 

As x,y,z take various values, so also does u. For example, 
if ὅπ], y=-2, z= 3, 
then “ - -- 72; 
if ez=-l, y=0, z= 3, 
then u=0; 
if e2=2, y=-2, z=1, 
then u = —128; 
and so on. 


We say that τ is then a function of the three independent variables 
x,y,z. To denote this functional dependence, we may use the 


notation U(x, y, 2) Ξε αὐ γϑ 3. 


The function τὸ no longer has a unique differential coefficient. 
Each of the variables x,y,z is capable of its own independent 
variation, and each of these variations produces a differential 
coefficient of its own. More precisely, we use the notation 


=the differential coefficient of w with respect to z only, 
calculated on the assumption that y,z are constant; 


=the differential coefficient of uw with respect to y only, 
calculated on the assumption that z,z are constant; 
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Thus, if μξΞε ἣν 23, 
δὰ eae *] 
then a 4x3 κ 22, ee 324 y?2?, + 2at yz. 
As another illustration, suppose that 
u=cos (ax + by?) 


is a function of the two variables z,y. Then 


= —asin (ax + by?), δ = — 2bysin (ax + by”). 
meh. δὲ 
Oz’ ὃ ὃὲ 
are called the partial differential coefficients of u with respect to 
x,y,z respectively. 

These partial differential coefficients are, in their turn, also 
functions of the three variables x,y,z, and have their own partial 
differential coefficients. We write 


The functions 


ὃ (Ou) _ au 
ox za) ~ Oa’ 
he 
dy \éy) dy?’ 
ὃ (ou) ὅδε 
& (= ~ 22" 
The ‘mixed’ coefficients are a little more awkward. We write 


ὃ (du, eu ὃ 

i oy) " Boy zn (az) ΠΣ 
ὃ (du, Bu ὃ (ϑὰ @u 
ag ae)" yee" By (Ge) Spa 


In practice, however, it may be proved that for ‘ordinary’ 
functions (a term which we do not attempt to make more precise) 
interchange of the order of partial differentiation leaves the result 


=the differential coefficient of u with respect to z only, 
calculated on the assumption that x,y are constant. 


VF SF SF? 
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unaltered. Thus 


fu Fu 
Gydz  dzdy’ 
fu Pu 
ὃχϑα δαδχ᾽ 
fu Ms Ou 
Oxdy Cyda 
For example, returning to our function 

usaztys23, 


we have the relations 


ὡς = 2 (Batytet) = 120522’, 
rig δ ata) = 12atytet 
δῆς 5 δ, Oetva) = 6rty2z, 
8 yey = oon 
— = 5 (4x8 y82*) = 8a8ysz, 
Fe =F (antyee) = Bayz 


Cu Ou fu fu Bu Bu 


Find ἢ’ by’ Bye? Baby’ By ox’ oy for each of the following 
functions: 
1, aty. 2. zy". 3. z*7+y", 
4, e* cosy. 5. log (ας Ἐν). 6. log (ay). 
7. asin? y, 8, e*Vsin 2. 9. xtan-ly, 
10. secx+sec y. 11, e*sin® 2}. 12. χοῦ, 
13. Prove that, if f(x,y) is any polynomial in x, y, then 
Ἡλι. af, 
Cxdy dydau 
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14, Prove that, if f(x,y,z) is any polynomial in x,y,z, then 
a wh 


== -Ο“"-τ- 


Gydz ϑαδψ᾽ 
ILLUSTRATION 1. The ‘homogeneous quadratic form’. 
Let u=ax? + by? +2? + 2fyz+ στα + 2hay. 


Then ἐν = 2(ax+hy+gz), 


= 2(ha+ by+ fz), 


2 el 


These expressions are probably familiar from analytical 
geometry. 


P(x,9.2) 


To show how the partial differential z 
coefficients are linked with the idea of 
gradient, we use an illustrative example. 

Let OX,OY be the axes for a system 
of rectangular coordinates in a hori- 
zontal plane. This is illustrated in the 
diagram (Fig. 102), where the reader 
may regard himself as looking ‘down’ 
upon axes drawn in the usual position. 
The straight line OZ is drawn vertically Fig. 102. 
upwards. 

Given a point P in space, let the vertical line through it meet 
the plane XOY in Q; draw QR perpendicular to OX. Denote by 


x,y,z the lengths OR, RO.QP respectively; then the triplet z, y,z 

may be used as coordinates for the point P in space, just as the 

pair x,y is used for a point in a plane. If P is the point (x,y, 2), 

then Ὁ is the point (zx, y, 0) in the horizontal plane; the coordinate 

z gives the height of P referred to the plane XOY as zero level. 

(Of course, P may be below the plane, in which case z is negative.) 
In particular, if x,y,z are connected by the relation 


z= f(x,y), 
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where we assume f(x,y) to be a single-valued function defined for 
each pair of values of x, y, then, as 2, y (and consequently z) vary 
the point Q moves about the plane XOY, while P describes the 
pi ara τῶ at any point is equal to the corresponding 
value of the ction. We say that the surf: 

ie y ace represents the 


For instance, it is an easy example on the theorem of 
to show that the function ΠΑΝ Re 


z=+,/(1l—2?—y?) 


is represented by the hemisphere of centre O and unit radius 
lying above the plane XOY. 


We how assume, for convenience of language, that Ox is due 
east and OY due north. We regard the surface 
2 ᾿ὦ f (x, y) 


as a hill, and P as the position of a climber on it. 


Fig. 103. 


Suppose that the climber is at the point P (Fig. 103) defined by 


the values x, y of the easterly and northerl i 

Y y coordinates, and that 
he Wishes to climb to the point P’ defined by x +h, y+k. The crux 
of the difference between functions of one variable and functions 
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of two lies in the fact that, whereas for one variable motion along 
the cuRvVE representing the function is defined all the way, for 
two variables the suRFACE may be traversed by an innumerable 
choice of paths. Moreover, each way of leaving P will demand a 
gradient all of its own. The partial differential coefficients are the 
bases of the mathematical expressions for such gradients corres- 
ponding to the various paths. 

From the mathematical point of view, the obvious way to pass 
from P to P’ is firstly to move the distance h easterly, to B, and 
then to move the distance k northerly. The climber thus describes 
in succession the two arcs PB, BP’ shown in the diagram. 

Now suppose that P’ is very close to P, so that the ares PB, BP’ 
are very small. The arc PB may be regarded as almost straight, 
so that the ‘rise’ between P and B is proportional to the length h, 


— Sz(easterly) = ah. 
Similarly BP’ is almost straight, so that the ‘rise’ between B and P’ 
is proportional to k, say 
§z(northerly) = Bk. 
If 5z is the total ‘rise’ between P, P’, then 


δζ = 8z(easterly) + 5z(northerly) 
= ah +k. 


If the climber had gone first northerly and then easterly, 
following the course PD, DP’ in the diagram, then, for distances 
so small that the paths may be regarded as straight, PBP'D is 
approximately a parallelogram, and so, once again, 


Sz = ah+ Pk 


for the SAME values of «, B. 

Two simple observations complete the illustration. Geometri- 
cally, «, β are the gradients of those curves which are the sections 
of the hill in the easterly and northerly directions respectively. 
Analytically, we see by putting k= 0 that a is the ratio Sz+h 
calculated on the assumption that y is constant; thus 
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evaluated at P. Similarly we see by putting ἢ = 0 that β is the 
ratio 6z+k calculated on the assumption that x is constant; thus 


2 
Pay 
calculated at P. 
Hence the partial differential coefficients 


gradients of the surface z= f(x,y) 
in the x- and y-directions respectively. 


dz Oz 


δε Oy are identified as the 


EXAMPLES II 
1. Show that the function 
z= 1—,/(2x—2z*-y?), 


with the z-axis measured vertically upwards, is represented by a 
hemisphere. 

Prove also that the gradients in the x- and y-directions at the 
point (x,y,z) are in the ratio(x—1):y, and that these gradients 
are equal only for points on a certain vertical diametral plane, 


2. Prove that the function 
z= 2°+ 4y?, 
with the z-axis measured vertically upwards, is represented by a 
‘bowl-shaped’ surface whose horizontal sections are ellipses of 
eccentricity ἃ «3. 


Prove that the gradient in the x-direction at the point (1, 2, 17) 
is 2, and that the gradient in the y-direction at the point (3, 1, 13) 


3. Find —, — Foy OF each of the following functions: 


(i) e*sin(by+cz), (ii) zyze, (iii) (y?+2?)log (ax+). 
4, Prove that, if 
u=azx* + by? + cz* + 2 fyz + 2gza+ 2hay, 
: o 
and if ΕΣ = Q, 
then a+b+c=0. 
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5. Prove that, if r= (2? +y?+2), 


then at. Cree 
we tA np νἢ 

si er 2 2 

Deduce that i+ 5,3* a a 


Prove also that 


Finally, there is a point of notation which the reader may 
meet in physical applications. Consider, as an illustration, the 
transformation : 
zx=rcos#, y=rsin#@ 
between the Cartesian and the polar coordinates of a point. Four 
variables are involved, of which two are independent—for 
example, r and θ. When we form the partial differential coeffi- 


cient =. we naturally have in mind that @ is the other independent 


variable, and the relation 


x = rcos@ 
, Cx x 
thus gives eGR oe 
But it is possible to express z in terms of r and y, in the form 
ΞΕ ΕΝ νυ -- Ὁ), 
Ox r r 
and then >= Gay) == 


These two values are quite different; they are, indeed, calculated 
under the quite different hypotheses θ = constant, y = constant 
respectively. 

To make sure what is intended, we often use the notation 


a) 
ar} 


to denote the partial differential coefficient of x with respect to r 
when @ is the other independent variable (being kept constant 
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during differentiation). With such notation, the two formule 
given above may be expressed in the form 


Ga\ ὦ ANSWERS TO EXAMPLES 
δὶ, a 
P CHAPTER VII 
6x r 
τ]. ae Examples I: 
The following examples should serve to make the notation clear. 1. log(w+1). 2. - Flog (24+ 1). 3. —4}log (2 -- 84). 
x—1 
3 . ὅ. tlog—. 6. 425+ 2loga—fa-. 
EXAMPLES III 4. 30° +logx blog sl 3 ogz—$ 
Given the relations x = rcos 0, y = rsin 0, establish the following 7. log2. 8. log2. 9. tlog&. 
ai 10. flogs. . ἡ τὲ 12, plog Ὁ. 
Ox x 
Ἐ δὴ, 7:6 τ 5} ἢ εἰ 13. no 14. 2cosec 2a. 15. —cotz. 
3. 3 Ξ --Ψ. 4͵ wu = 2. 16. x+2elogx. 17. a™-1+ne" loge. 18. 2a/(1 +2), 
A 2 19. zlogxz—a. 20. ἀ([ορ α)". 21. logsin x. 
aa x ) y 
ὅ. =| =- 6. --Ι == 1—cosz 
δα), τ ὃν). τ 22, 422%log2— 8.5. 93. ΕΟ [ὉΠ στ)" 
a y ὃ x 
7.) τ --Ξ. 8. --) ----. 1—cosx 
ox ν r : ἴω 24, cos 2 +4 log (ss) 25. log (x* + 5a + 12). 
ox r Ox y 
9. ἢ = = 10. 3] = te 26. log (“3 -- 82. -ἰ 7). 
ὃ e ὃ x | 27. gtan-* (=) +log (222417), 
11. ey = x 12, Or = ry” 4 
; : 28. —12tan-! (2+ 3) +log (a? + 6x+ 10). 
29. 9tan- 5 *) +$ log (“3 — 85 + 25). 


30. —3Z tan (5 +$log (x*+ 105 -Ὁ 34). 


Examples II 
1 dy 2 3 1 dy 
i: τὰ κατὰ ἐδις-..ὕὦὕς a ee = 
᾿- ydx 1τὰ 1-2 5 dx 2 a 
ldy 1 ldy 3. 2 8x8 


6x? ἜΝ ΜΝ 
* yda’ & 1-225 “yde «vw 1τὰ 1+a* 
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ldy 1 3 1 ldy δὸῥ᾽΄'͵ 1 
Sp Bt age γε νὰ τῆν» 95 
ldy 4 $3 
7 p= Log 8 cosec 45 
8 ldy — _ 2sing _ 142% 
‘ydz 1+cosz 1+x+2° 
ΓΕ Re hs lll kt 
' ydx 1-Σ 14+2% 1-32 1+42° 
Examples III: 
1. 1210 og (== 3). 2. x+2log (ὦ -- 1) -- 1{(ὦ -- 1). 
3. log =H = 4. 42° + 32?+2+log ( -- 1). 


(+1)? 


δ. Pantene es, 1): 6. Zlog (w+ 1)—*flog(a+4)+2. ἡ 


+1 1 1 rm 
ee tog (== e)- ~3@—1)° 8. ἌΝ Ὁ 1... 
9. gy log (w— 3) -- ὡς log (x? + 424 9) -- 


=e a τς τ’ 11, flog (α3-- : 


4 er παρ τ να 
12. dee tan™ 4¢— abu log (a4) ἐσρι; -) τοῖο τ᾿ 


10. log (ὦ -- 3) -- 


(x— Ἰ)(α -- ὃ) 


13. 4log G3 


14, —*.+8log (2 -- 3) -- 4Ἰορ (ὦ -- 3) -- log (x—1). 


oe ee ee ἀν, 
aS. γέ tan ( 2 ) +t log (E75) 132" 


| 4\ | 


1. ὁ 9 
17. τοι t tr log (142). 18. 4u+ 2 log (42 - 7). 
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στὸ 
19. 2— Blog αὐ Ἐ 6: 36)-- ξιαι r ) 


20. x+log (.5- 1). 
21. 1]ορσ ἡ -Ὁ $log (a? + 4) —tan 4a. 


χ-- 3 4 (43). =a 
22. felog(=—5) - Bad)" 3. 4 %$ Gaip Xe—1) 
ae Be 2)—$H log (a? + 24417 
24. Ὁ Ti(e+2) gue log (w+ 2) oo log ( ) 
] 
—yise tan (5 ) 
Examples IV: 
1, 2e™. 2. Qre™. 3. e5* + Bae, 
4, e~cosx—e*sin 2. 5. ez cos x. 6. —e-*(1—2)*. 
1. e'=@—e-™, 8. e* sina - χοῦ sin x + xe* cosx. 
9. SUS) 10. e*sinx+(1+e”)cosx. 
(1—2?)? 
11, e®*(3 cos 4a —4sin 45). 12. e*(tana+sec* 2). 
13. fe, « 14, —}e-S, 16. ἐπ᾽, 
16. —te™, 17. (w—1)e*. 18. e*(x?— 2x + 2). 
19. ese, 20. Jes’, 21, etanz- 


22. 4e*(sinz+ cos 2). 
23. τ οϑα (3 cos 4a + 4sin 42). 
24, 1655 (1 τ 22). 


Examples V: 
1, al, = 2*e™*—nI,_:. 
2. (a? +n?) 1, = 665 sin”! a(asinz—ncosx)+n(n—1)L,_-2. 


3. (a2+b?n*)L, 
= e% cos"—! ba(a cos δα + nb sin bx) Ὁ πίη - 1)05.. 9. 


4, 190 -- 446. 5. εἰς(41 οὐ — 24). 6. --Ξξ(1  επ). 
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i 3 3 
REVISION EXAMPLES III 19. _ahsin@ 20. bat 
h—acos @ xy 
1. (i) (l+2)""{1+nlog(1+2)}. (ii) + log (1 +2). 21. ᾧ = 0,y = 1, minimum; 28. (ψα - 0). 
ἀϑ,), dz ] --- 93 = 1,y = 2, neither; | 
2. 737 2, = Q, 3. (=) ? . t= —2,y = 29, maximum. 
er Fe 30. Area: 3- 2 οοὐ θ- 2 ὕδῃ θ; angle: tan | 
4, 2cotz, nasa τ 
1 = | 31. (—1, —1) minimum; (1,1) maximum; 24%—25y+8 = 0. 
ἔπ». ἢ ἐμὰ az ee) ee 
5. 2sina--3sin*z, 2ae*cosaz, (e+ 1)’ ii . $4. (i) 2log (2e+3)—log (w— 1). 
6 : ee ee π᾿. .. ae (ii) 4cos*%—cos 2. 
‘Dye’ ᾿ @+DP Yd—24)’ zlog,10" (iii) 2*sinz+2rcosx—2sinz. 
7. =? 2 cos 22, τῆς Qre*, 35. (i) 4v+4sin 42. 
᾿ (ii) log (a—1)+4log (85 -Ὁ 1). 
1 "3 
ae ΦΕΡΡ ; ncn i x*loga— +,x'4. 
8. — 3sin6z, log, 2, raat (ili) Za*log ὦ — ἧς 
4 36. (i) ¢sec*a—sece. 


9. (ἡ) “τ τὶ Es aca (ii) seex, (ill) Sy conn" | (ii) $(1 +22) tan-tx— 4a. 


2 1--α Qa (iii) log (42 -- 1) --Ἰορ (w+ 1). 


10. ἊΨ Gel’ Tse 4 cosec 4x, 87. (i) 2log(2a—1)—2log (w+ 2). 
1 (ii) $sin?x—$sin’a. 
Wink “tet, “Sol. 
ἊΝ (1 - “) (1 --- 2.)} (iii) a 1)loga+1}. 
12/, 8 1 9 gteigs 
2. S(1-3). (@—a)i +a) I+sin 22° 38. (i) 31ορ (ὦ -- 3) -- log (85 -- 2). 
13. Bete Pee) cag 4e-**(4 cos 2x —sin 22), pee eee 


1113 1+a?’ (1—2?)?’ 
tan x —cotz. 


1 
Dee) 8 ine — Teint + Balak a, 


(iii) a0 + 4atsin20+,0'sin4@, where x= asin θ. 


39. —sinz—cosecz, 4er(sinz—cosxz), 2°24. 


(l+2)? ’ 2 {{α -- αἿ" 40, 744°. 
“sa: 
"8? χβία"--Ἰ) ν᾿’ (4cosz+3sinz)’. 1+2? 41. ero ta®—42+6log(w+1), 2106 2 --ἧ. 
16. Velocity e7, acceleration —e”. os 


18. Tangent: xtant+y—dasint = 0. 43. 2@sing+2ecosz—2sinz, %log(1+3x)—log (1-32). 


Normal: xcost—ysint—acos 2t = 0. 7 


ΜΙ 


250 
44, 


45. 


46. 


47. 


48. 


50. 


51, 
52. 


53. 


54. 


55. 


56. 


57. 


58. 
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$(1+27)', 4dx,/(1+2*)+ $log {v+,/(1+2%)}, 
$x J(1+2*)—Jdlog {w+ /(1+2*)}, 4(3—/2). 


da ,/(1—a*)+4sin2, 4(sin—z)?, e* 008 2. 


x 
(1—2*)’ 
2log (1 - x), —cosx+%cos*x—}cos*z, 

x+ 37 log (w—6)— 26 log (ὦ -- δ). 


ee 
pian (Fptana), 
dog (2+1)—$log (et@—2+1)+ 75 tan1 (==), 


xsin-le+,/(1—2*). 


x—log(l1—x), -—cosx+ 8 οοβϑ -- ξ οοβῦῳ, οξία -- 1). 
1 
“πω 4tan'a—tang+a, 1. 


x—log(x+2), «xtanx+logcosz, 4. 


log (2.3 --α -- 8), 4sin'a—fsindz, π--3. 
6 3 

a= —=S ts, 1106 2. 

ἀπ, 16log2—48, 403-1274 24, 


(i) 7? 4 §log (1 +2). (ii) 1, ξ(4.2--δ). 


in ἐπ 
ὑπ: 4) sin” x ΘΟΒ ὦ ὦ = (n—1)[ sin” 2 cos"—*adz, v, 0. 
0 0 


em 
AS age (ὦ 908 ca + c8in cx), 


i ρας... 


ΓΗ 0 Pp = _ (a cos 2ba + 2b sin 2bx), 


Gi) 36. 1) [ Ἐ αὐλη!άν = 264+ (2041) ['(+20)4ar, 


sq pst telog (142). 
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CHAPTER VIII 


ee tae 
os. + 
εἰ χα i" ἘΠΕ ae Gaciit 
ΑΘ a4 
a Rogge tt ὰ oat 


3. l—w+a?—a3+...4+(—1)"2"+.... 


Examples V: 


(32)? (32)* (3x) | 
2. 1+30+-3-+ 31 ot πῇ 


3, 3.-- ξ(2.)5- 2(2)3.... je (2) 4 


(2x) (2) (2x) 
$e tg Te eat 


ὅδ. l—w+a?—23+...4+(-—1)"a"+.... 


6. 1420+ 3a2+...4(n+1)a"+ 
(4a)? | (4a)* ( 4a)?” 


ee SRE ἐὰν nr 

oe age egy tA Er ἈΠ ΩΝ οὴ 
(2a)? (22) SE 
ὃ, = Sh tone (= 1) ΤΙΝ 
9. 1+2—427+...4+(- 5}: 5.6. = 3) on 
10. — 80 — }(82)*—...—— (82)"— 
Examples VI: 

1, 2-005, 2. 2.998, 
3. 2-0017. 4, 2-999. 
5. 1-9996. 6. 0-3328. 


17-2 
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Examples VII: 6. 4sin'xcosx, 12sin?2—16sin‘z, 
1, 168024sin e+ 13442 cos 2 — 336." sin 2 — 3927 cbex +a%ain x. 24sinzcosz—64sin?xcose, 256sintx—240sin'x + 24, 
2, x*sinz—8xcosx—12sin2. x=OQOminimum, «z= 47 maximum. 
1 
3. €°*(122 cos 3% + 597 sin 32). 8. ΕΝ (1-3). nsin x tan? x(cos x+sec x)", 
4 οϑα 2 
4, 3%¢e8%(9a5 + 5492+ 902+ 40). (—1)"(n+)! Sere «6 bis) σα 
5. 28 cos {na +x} + 3na? cos {(n—1) ἐπ -Ἐ «ἢ ant ; a Ἴ 


+3n(n—1)x cos {(Ὁ) - 2) ἐπ -" αἱ 


ΕΣ. when ἢ = 1. 


+n(n—1) (n—2) cos {(n—3) }ar+2}. a 
6. 2"-Se% (83+ 12na* + θη(η -- 1) πίη -- 1) (n—2)}. 10. (ii) ΕΝ n(n—1)y = 0. | 
7. 25.10.9.8(1—2x)5(— 1322+ 55a—5). : ae - | 
8, ἘΣ ΕΣ : ET (8a 1)¢ (81922 + 3122+ 28).  @eli@-pe MP Teer aay 


Examples VIII: 


12, 


1752} 1 1 
ὦ et (ot eee 


(ii) sin(a+4nz), xsin(w+4nz)+nsin {v+}(n—1)z}. 


1 - he 5 αὐ να, . 
ne σὰ δ᾽ “6 δ 13. (i) --2᾽οοβα. 
8 — sin? l—w+2u2 e*—e* 
2. w—4a3+4a5—127 i ee eee ee es 
w— $a? + Sah — $a" + (ἢ προ Ἐεῖδ αν’ πα e&+e* 
᾿ 14 3 3 i 1—2a2 ε65(1-- 4+ 27) 
EVISION EXAMPLES IV aie as , Ja—a)’ ita) ἃ 
: sitio ke ε α 1 [ 
1. (i) ααῷὶ -- 21οὸρ dz)e : {8) ines’ 15. (i) (— ΞΕ i (ii) 2" sin (20 -+4n7). 
ab, a? b?, ) 
(iii) anet (sin 22 +-msin (22-4 $n)+™ τ sin (2. -᾿ πὶ +... 
we —3 we, Beers) 
‘Tea? (+a) (Qe—ay etn 2)?” wtsin (2240.40) 
x= 1 maximum, x = —2 minimum. k= 0,1,2 
. sec” a tan" x {n+ (m+n) tan* z}. ᾿-. a 
iid: 16. ss Αϑ 2tan xsec? x etn’, ed. 
840 tant 7 + 640 tan? x + 56. (1+ 32) 1+2? 
a—t tan‘ x. 17. sec? x et, μὰς 


᾿(σ-2)ξ-- 8); 


2(a— 9)ῖ (a+ 1)¥ 
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18. Velocity, 4ak(1—2sin kt); acceleration, —ak? cos kt. 


I 


© 


21, 


22. 


π a 13a a 
t= oh & = τε (7+6,3). ἀμ τ, Ὁ = το (137+6 1/3). 
ὅπ a 
At rest when ¢ = Ge? % = τη (57-63). 


Total distance, = (7+ 6/3). 


. Velocity, εἰ, {2; acceleration, 2et, 
20. 


(i) v? = p*(a? sin? pt + b? cos? pt). 
(ii) f? = p*(a? cos? pt + b? sin? pt), 
Velocity, ἐξ cost —4tsin t—6 cost; 
Minimum at ὁ = (4k+1)42; Maximum at ¢= (44—1) 42. 
Velocity, —ap(sin pt +sin 2pt); 
Acceleration, —ap*(cos pt + 2 cos 2pt); 
3a a 3a 


lege ae a 
24, 82 --ἶν = Ο δὖ (1,3); 5a+y=0 at (—1,5). 
25. x—2y = 0. 
27. cos} oa? 
2pq 
29. Maximum, 32. (i) 0-857. (ii) 30-2. 
33. (i) 2-004, (ii) 0-515, 34. 8-03. 
35. 1-532. 39. w—4a?+ 403 — Foote... 
40. —4a?— Art. 
43. xy(t®) — (2a—1—n) y(t) + (e—1—2n)y™ + ny(m-) = 0, 


. τεῦ, cy,=2ab, cs = 3a2b—b3, 
-y=a, y=0, γ΄ =cota, 45-028°, 
. 1424+ 2a?+ $a3+..., 0-9930, 

. 0-06285. 
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40, y’=1, y”=1, yy" =2, y* - 8, 
50. γ΄" = 2+ 8y? + by', 
y¥ = l6y+ 40y? + 245, 
y* = 16+ 136y? + 240y* + 120y', 
a+ $a3 +25, 
52. —4e-,,  F(tanz)*, e*(a*-—2x+2). 
53. 1 -- [π. 
1ῈΔ τὲ 
54. 1χϑΊοσα -- 1.3, Ἰορ ὕδη ἔς, flog (73) —ttan"z. 
x a. 
55. sinz—4}sin’z, log (5) +7553 
a {(log x)® — 3(log x)? + 6 log x — 6}, Ἑ ὑδη-Ξ (,/5 tan 32). 
ὅθ. 12¢+S8sin2re+sin4a, 2° {9(logx)*—6logx-+ 2}, 


x 


1 
log (5) +2tan—a— 2x, Gea 


57. 4logx—2log (1+) —log (1+2?)—2tan“*z, 
2log2—1, $tan*4. 
58. blog (7*=), sin-! (%—1), 


xtanz+logcosz, 4tan’e—tanz+z2. 


59 4tan2x—2, (1+2a*)tan-!x—2, tan! (sin2). 


60. 15 $7, δ(εἷν δ" 1). 


1 
1+2 


61. (i) +log (=) , log (a?+2x+2)+tan— (7+ 1). 


2 
62. 4sin3a—fsin*3z, -—~tan-!(/5tan 42), 


{5 
—2z> cos x+ 3x?sinx+ 6x cosx—6sin2, 
(l—2*)y—4a7+ Axv+ Β. 
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13. : 
64, 32a, (8a, 0). 65. xsec&+y—sin ἔ -- ξβθο ξ = 0. 4 cosh 4x 
me τὲ ἐξ (2ac + 3b) 15. 4sinh 25 -ἰ 42. 
. $7a*b, - 3° (@o+2b) * 1 den te. 
69. y= 24+3x—25; (1,4),(—1,0); if. 19. 4¢sinh 27—} cosh 2. — 42°. 
71. 4u—1sin2z, 4cos*x—cosz, 2z*sinx+2xcosx—2sing. 41 ΠΕΣ 
72. $a2, 8παξ(2 2 -- 1). Ἴ8. 4f, Οὗ, -Ώ. 23. τοῖα. Je, 
75. 480%, #50". 11. ἈΡῥᾷ a*. 
128.3α. Ἃ. 32/2 , ao). 322 Examples 11: 
78. ( τοὶ Τ' 0); oem. 19. (4,0); “τὸς τ΄ , 
1, cosh-'2+--—.—.. 
γνῶ" -- ἢὉ 
80. $a, (ἔα, ξα); (ξα,0), §mpa°. : 
3. ——- 
83. A = 1, Ι, ΞΞ ἀπ, J; = ἃ, i, = ἧς π. 1—2? 
a | 
ct 2 ἐπα δ. 
84. J). 85. $7a®, Srna’, ἈΠΕ 
86. —land0, Oandl, 2and3, 2°88. ΕΞ 2a 
7. cosh (a +1) Ta y5) 
87. 2-426. 88. — 1-844. 
9. ——— 
89. — sin ἔπη. 90. e—$a2+2fa9— Bats... J@?-+ 1) (sinha) 
11, 4sinh— 32. 
CHAPTER IX 13. cosh- FF) (x> 1). 
Examples I: 4 ‘ 
7 ; ch (=—") (@>4) 
1. 3cosh 9, 2. 4cosh 2x sinh 25. f 15. 300 i : 
δ᾽ 
3. tanhz+2sech? x. 4, 4cosh (2a+1)sinh (2x+1). 
5. coshzcosx—sinhzsin 2. 
6. 2sechzsin x cos 2—sech x tanh zsin* x. Kounpiée 11: 
7. 3(1+2)? cosh? 85 -ἰ 9(1 +2) cosh* 3z sinh 3a. 1, αὐ δ al 
8. 2a tanh? 45 + 8x? tanh 41 sech? 42. 5, Aaa’, 
9. cothz. 10. 1. [ 
. ΒΡ ΒΝ 2 Ξ 
11. cosh wesnb 2, 12, e-tanhz(] — x sech* 2). ; 5. 4(v—2a)"—27ay"=0. 6. % 3e( 3+ 
7 


18 
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257 


14, 1 510} 2. -- 1... 

16. xcosha—sinhz, 

18. $ cosh 42 +} cosh 22. 

20. sinhx+4sinh* x. 
22. x*sinha—2zcoshz+ 2sinh2. 
24. 4 tanh 22. 


9 22 
᾿ (at + 2a? +4 2)’ 
+1 
z Jaa) 
+1 
᾿ (“3 -- 1) cosh 2° 


4. 


2cosh—!z 


. cosh-'4z7 (a> 2). 


12. }cosh-1Za (5 ὃ). 


sinh ("F*), 


14, 5 


CHAPTER X 


2. 22—-y? = a?, 
4. χϑ εν" = α. 


1), ἀφοὴ 


MII 
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Examples III: 

1, ¢=a(2+3), y = —2aé. 
2. ἃ τ 1 (α"-- δὴ) cos*t, y= — 5 (a? —b2) εἴπϑι, 


ὃ. «= 2asec®t, y = —2atan*t. 


REVISION EXAMPLES V 


— 


. Tangent, vsiny—y cosy — 2a/sinygs = 0; 
normal, x cos +y sin i — 2a; cos J — 2asin ψ = 0, 


ΡΥ ee hs 2 : 
2. idm stale (35) 3. (c+) 
4, (1,4). 
6. ἃ = —2asin2t—2asint, y = 2acos 2t+ 2acost; 
speed, 4a cos $¢ (numerical value). 
9. oe 10. 3+4.cosh 26+} cosh 49. 
13. 2na(z sinh “—aecosh= +a). 14. 8a. 
15, 3. 46. 1, £6, 32). 
1 
17. (b2/2a). 18. —. 
13!a 13!a 
20. τ τῶ 2], a ale 


22, /2(1+ 2a + 22%), 
24. ~s7a?. 


oe δὲ 
26. —2/3 at 2=4,2. 


REVISION EXAMPLES VI 


» Snsol%) = fy (@) + 4 (5) + 2(1 + 225) f(x). 


oO 


oy = Σ Sapien 1} (2n—3)?... 3242041, 


n=0 


13. 


16. 


18. 


19. 


21, 
23. 


26. -τε 


27. 


28. 
90, 
317, 
38, 
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f(x), f’(x), f(z) continuous everywhere in the range; 
f’’' (x) has a discontinuity at x = 1; 

Maximum. 

t. 17. 0-55. 


n—1) 


n 
Ynaet al yas +NY2Yn + “ee YsYn-1rt oe + Masih} = 0. 


1+ /3a+a?—424—- 3% /3a5-—foat +... 4+ (οἶσε, 


2- 5 e743 cos (- -ἰ +arbitrary polynomial of degree n—1. 
1:8, 4:5 (radians). 


rk = ak sin kd, 
1 Ἢ 1 
27 ~ J10 
ἀπ ἀν ἄδα dy 
dy ἀμ dy ἀϊ ἀβ dt dt 
dx dt] dt’ dz dx\s Ι 
(a) 
x ἂν ἀτ dy 
dx _dxfdy @x_ αἱ dt dt di® 
dy dt/ dt’ dy? — (3) ‘ 
i) 
4 {b+,/(3a2+b2)}. 29. Equality when e*-! = y, 
(ii) Minimum, 35. ἀπ. 
8π. 
χ τὸ --ξὲπ, y =—0-65, maximum; 
χα τ --ἰὖπ, ῃ τό -- 1.19, minimum; 
ὦ τὸ --λπ, y=), inflexion; 
x= τἶγπ, y = 1.190, maximum; 
2 = ὕσπ, y = 0°65, minimum; 
x = δῦπ, y = 0-73, maximum; 
= 437, y = 0-44, minimum. 


18-2 
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40. (1, 2), (= 3-35); 42-1. 
41. (i) Maximum, y = }(/2—1); minimum, y = —}(/2+1). 
(ii) Inflexions, (1,0), {—2+,/3, —}(3—,/3)}, 
and {—2-3, —}(3+y3)}. 


— P 
42. A ~ ρ5-: κ᾽ 


ἄξη 
Pre ghee i ρας, ki 
dx oe das? cos 9 ἰὴ Ἷ 
ae” ( ae 
5/5 
49, ΞΔ" 
50. x = 0, maximum, « = — 16; 


“=, minimum, «= 4. 
51. 3acostsin¢ (numerical vaiue of). 
52. (0,0), (2, 2). 
53. 4, 2.2. 
56. Minimum. 


58. 7,lo og (ao ers) + dtan\e+ 1)+4tan— (x-1), 


en ; 
Pak (a cos bz +6 sin δα), 
$a? — $a ,/(u?—1)+4coshz. 
60. (d) - , A an arbitrary constant. 


61. a*(a+3sina), where cosa =—4 (ἔπεα «πὶ. 


62. (i) #logsinz— τς 2 cos x(3 cosec® z+ 4 cosec* x + 8 cosec 2) 


—z cosect a —+% cosec? x. 


ἃ: Ἃ 
6 Ὡς} ρα ΩΣ 
63. fat,/(1+#)+4asinh“?. 


᾿ ( + “| b4 b8 b? b 1 


64. 


65. 


68. 


71. 
72. 
70. 


77. 


79. 
81, 


84. 


85. 


86. 


87. 


88. 


89. 
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(i) n= 4k,A=1l;n=4k+1A=7n; 
n=4k+2,rA=—-l1;n=4k+3,A=-—n. 
(ii) (}+47)a’. 
(tan x)? — 2x tan ++ 2 tan—! z log (1 +x?) 
+ log (1 +2*) —} {log (1 +.2*)}?. 
(x) = (l+2x)(3+2). 
f(x) = (1+2)*, g(x) = 3(1+2). 
A=%,B=3,C=§, ἢ -- ξ. 
A=7,B=34,C=-3,D=x. 
αὐ, = a(1—2*)" sinh ax + 2nx(1 —2:?)"-1 cosh ax 
—2n(2n—1)f,_,+4n(n—1)I,,. (n>2). 


Ia = 1860, 
6 
cos?! x {p sin? x -- (p+q+k?+ pk?) sin?tz 
+k*(p+q+1)sin?+ z}. 
k2(m—1)I,,— (1+?) (m—2)I,, ¢+(m—3)I, , = 0. 


Volume ὅπϑαϑ, area $47a?. 


x = a(cost cos 3¢+ 3sinésin 3¢), 
y = a(costsin 3t— 3 sini cos 3¢). 
1 
zit yim ge i 
P(—8at®, — 6at); 
Normal, 4/7 + y+ 6at + 32at® = 0; 
Inflexion at origin. 
Normal, 2% + 3ty — 3at* — 2at? = 0; 
Centre of curvature, ( -- 3at*—ai?, 4αἰ8 + 4at); 
Radius 4ai(4 + 92)!. 
Envelope, « = -- (ἢ, y=f(t)—#"(t); 
p=f"()(1+e). 
Envelope, x = asini(3—2sin??), 

y = acost(3—2cos*?t), 
Tangent, xsint—ycost+ cos 2t = 0; 
Normal, x cost+ysint—2sin 2¢ = 0. 
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90. Tangent, #(3+¢?)x—2y—# = 0; Examples V: 
Normal, 27+ #(3+2¢)y—#(2+#) = 0. . ; ‘ 
iad alas 1. 5—2i, —14+ 82, 21 --, —4 +42. 
92. «(ab—cdk). 93. 18ab. 
2, --7.εθὲ, --Ἰ-- δὲ, —2—344, ἐξ 221. 
onde 96. $3. ee δεν 
ee 3. 442i, 4—2i, 8i, — 2%. 4, 3+, 343s, 2-31, —2433. 
iy Ἀ 2a 
98. 2—47. 102. 2csinh-; re(2a+csinh =). : 
" ο 6 δ. 4, θὲ, 18, --ς, 221, 6. —6, 8ὲ, 2, -- οἷς —$4i. 
103. $47a?. 105. Volume, 27?a?h; area 4πξαξ. 
; ἜΝ 
4/2 8 a2 1. ὃ. -ὐἰι, 8. —755-747. 
106. ——a, --- Ὰ ; —, 
06. ——a, τα 0g (1 Ὁ γ3) 107 ἀντ 
ven 1 iff 1 9. —}i. 10. —g5+zst. 
-—> miff<a, =e—ariff>a. 109. $a. 
α(αϑ — — ὧν 
ite 7" ) ll. —2+32. 12. Τὰς, 
, 3; 
CHAPTER XI 13. —3+1. 14. +31. 
Examples I: 15. 443i. 16. —2+i. 
1, 1 and 3; 2+.,/3; 2+2. 7 
2. —5and —3; —44+,/5; -- 4: 2%. Examples VII: 
3. —land 3; 1+,/5; 143i. 8. 2, —30°; 5,53° 7’; 13, 112° 36’; 8,0°; 10, —53° 7’; 2, —90°. 
5. Straight line, 4%+ 10y—21 = 0. 
Examples 11: ὅ ὃν 


1, 10 ϑὲ, 2. --8- 8ὲ. 3. 344221. 4, --Ἰθ0-- 83, 5.2473. 


᾿ ᾿ Examples VIII: 
6.0+01. 7. 0+ 22. 8. 2+1ll. 9. —2—16%. 10. -- 10- Οὐ, 


1, (a) (3,2); (δ) (2,1); (6) (4,7). 


Examples IIT: 2. (i) (a) (1,0); (δ) (8, —5); (c) (3, —5). 
1. —7+22%. 2. 26+ 2%. (ii) (a) (2, —1); (Ὁ) (2,1); (6) (5,9). 
3. 7--ἰ. 4. α5- δ, 
5. —3+ 41. 6. cos(A+B)+isin(4 +B). Examples IX: 
7. 10. 8. —46+ θὲ, ; Ι. (i) —0-5+40-866%. 
Examples IV: | (ii) + (0-866 + 0-5i). 
1. ἡ. 2, 244574. 8. $$. | (iii) 0-940 + 0-342i, — 0-766 + 0-643i, —0-174—0-985i. 


4. ὍΝ. δ. — 22423), 6.008 6+ ἐπίῃ 8. (iv) +(0-966+0-259i), + (0-259— 0-966). 
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2. (i) 74244. Examples XII: 
(ii) + (2.121 +40-707%). 1. 1—cos 6+ cos n@—cos (n+ )θ 
(iii) 1-671 + 0-364i, -- 1.161- 1-96δὲ, -- 0.620 -- 1.629. τ ΠΕΙ͂Ν 6) 
ΐ - ])nt1 an 
(iv) +(1-476-+0-239%), + (0-239— 1-476). : Se eee ey = ma a 
3. (i) 119—120i. : 
(ii) + (3-535 +0-708i). bane Gags 
(iii) 2-331+ 0-308i, —1-432+4 1-865%, — 0-899 — 2-173; ay eee 
: ΟΝ <a: ; 5. gse**(4 sin 32 —3 cos 32). 
(iv) +(1:890+0-1877), + (0-187—1-890%). 6. ον τ cons) + heed oie — Genel. 
Examples X: 7. ¢sin 85 -- ξχ cos 32. 
8. —zsxve—**(4 cos 32 — 3 sin 3x) — εξ τος 45 (7 cos 82 — 24 sin 3z). 


1, 4(cos7+isin7z), 


] (cos 5 ὅπ =): 
2. cos — +74sin — 
4 REVISION EXAMPLES VII 


42 


3. 64(cos 27+ isin 27). sin a cosa —sinh ὃ cosh ὃ 


~ eos?a+sinh?b’ Β- cos?a + sinh? δ᾽ 


4. 24 cos 7 (12k — 1) + ésin (12k — 0}. π ee 
δ. τ δ τη (4 -- 1), = 1,...,% 


| 
5. 2 cos (Sk — 1) + isin = (8k— 1}. 7. cos*z+sinh? y, 
8 nl (αὐ + YZ) %q + ($+ y3) ay — (ας +29) 
6. 2 {008 57 (12-41) +ésin 27 (586 1}. (xf + YZ) (αὐ + ψβ) — 2(α ας τ- γεν.) + 1° 
| (αὐ + y2) yy + (e2+y2) yi + (Yr + Yo) 
2 = — ST σα. Wee Se SL TANGA T 8) | 
te 4, cos + isin=™, cos + isin $2, ¥ (ad + yf) (23 + y2) — 2(σ, ας -- νιν.) + 1° 


10. x—ty, r(cos -- ἐ βίη θ); +1+ 3%. 


(1) +1, +43(1+7,/3). 11. 2 = 2(cos}a+isin}n), z, = 8(cos3a+isin 37); 


Examples ΧΙ: 2(cos 1 π᾿ Ὁ ὑ βίῃ 1} 7), 2(cos}$a+isin}27). 
1, e~tn+2km) feos (flog 2) +isin (4 log 2)}. ‘ 16. (i) (—1,0), (3, 0); 
2. — 2e(kn—in) {sin (4 log 2) +7 cos (Σ log 2)}. (ii) circle, centre (2,0), radius 3; 
3. e~(+kn) {eos (L log 2) +ésin (flog 2)}. (iii) ellipse, foci (1,0), (2,0), eccentricity 4. 
4. —8e-(tkr—-47 foos (log 4) + isin (log 4)}. 17. 1, w,w?, ὧδ, wt where ὦ = cos?7+isin27; 
5. 2ε- (ἀπ--π) {cos (} log 2— 4) +7 sin (} log 2— 477)}. % = (1 εὐ οοὔ thr), k = 1,2,3,4. 
6. —4e-tkn+i=) {00s (1 log 2) + isin (flog 2)}. 19. (1,,/3), distance 2. 
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20. 23 = 74+ 2/3+7(44+3,/3) or 7—2,/3+%(4—3 3). 
Vertices (4+ 4sin }k7+6 cos ἐπ, 6+ 6sin ἐπ -- 4 cos kr), 
k= 0,1,...,5 
21. costkr+isin2k7, ἢ -- 0,1,..., 4. 
4—5cosfkn—3isinzkr 
5—4cosikz 
23. (/3+7%)(a+ib) and a+b subtend an angle ἀπ at the origin, 
and the distance of (/3+7%)(a+7ib) from the origin is 
twice that of a+7b from the origin. Ὁ" is at +2/3+ 21, 
24, +(3—2i); 14%, J2costia+i/2sind4q, 
J2 cos {$2 +7,/2 sin 1ϑπ 
26. -- 2300 -- 5100 . 
21. (i) (1, 1), (1, -- 1), 
(ii) all points with x>0, 


22, (k = 0,1, 2,3, 4). 


(iii) interior of circle, centre (-- ὅ, 0), radius , 
(iv) interior of ellipse, foci (+ 1,0}, eccentricity }. 
1 
29. (i -ὃ — 
9 (i) t, ξ; ny 
b?—a? Α 
δὴ τιν. ae ἷ 
(ii) cos$acos$(a—B)  costasin}(a—f) 
cos $8 ‘ cos 48 P 
30. ὑπ, $log,5—ttan 4, (x+y) log, 10. 
32. 1:67—0-361, —0-52+4 1-632, -- 1.18 -- 1.271. 
33. $(2, +22); (2+2,/3)¢. 


1 1 1 1 1 1 1 1 
a. (61:2, aie): alta) τι“ -}; 


Τ (sin 70 — 7 sin 59 +21 sin 30 — 35sin8). 


iy, Pie ρον 


cos ta 


cos $8 |" 


37. Circle, centre (5, —1), radius 3; 8, 2. 


(10 +6y) 
38. 1106] 
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39. Amplitude increases from —7 to z. 
40. 2tcosin, -- 2' οοβ ξπ, —2* cos ὅπ. 


cos 2 ΟΟΒἢ ᾧ -Ὁ ὁ βίη ὦ βίη ᾧ 
cos* ας - sinh*® y 
42. (a+ib) (α -- ἐδ), (c+id) (c—id). 


41. 


CHAPTER XIII 


Examples I: 
i 4; 2. 8. 3. τ dade 
δ. ὃπ. 6. . 7. —I/a (a<0). 
REVISION EXAMPLES VIII 
a _3)9 
ἢ: }log=—*, z+ 4 log @ ar ; cos? (2—2). 


(x —3)§ ‘ — 
2. x+log ἘΞῚ ; a(x? + 2a + 3) —sinh— (ὦ -Ὁ 1). 


8. 4(a+6)z. 
4. x+thlog {(5 -- 2})8 (22+ 1)}-- Σ δῆτα; 
$(2+b)§+3(a—b) (w+); 8 cos?x—cosx—} cos’ x. 
5. Hog ΕΞ τς — 3 tanta; 
q(x? + 4a + δ) — 2log {x + 2+./(u? + 40+ 5)}; 
4(a* + 2) —a* log (a? + x*) — fa4/(a? +2). 
(ας — 1) x—1 
6. μηρίων sin- (Eaa)se e*/(a+ 1). 


(7 — 2a+1 


7. ψεῖορ Sorat Beinht(—T) +124 1) ylet+2+ 


a{(log x)? — 2 log a+ 2}. 
2n+1 1 


8. “, = man teal $7 (2+ log (1 +,/2). 
REVISION EXAMPLES IX 
ΠΝ γι --4)-...3 
μιν ΒΞ “τ pie sero oh 
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268 ANSWERS TO EXAMPLES 


tg 2 log (2+./3) — 27. 


og +1. 


2 


gi2ty(1+2) 


᾿ 87) Daa 4b) Salat by a8 (2—J(1+2)' 
8. ἐπ; —2/,{(z*—1); §x*— 4 (223 — 32x) sin 2a — 3 (242-1) cos 22. 


9. 1, = 27. 


10, 


LI, 
12. 


13. 


14, 


16. 


17. 


18. 


19, 


20, 


21, 


22. 


bo 


a— slog (1 +,/2); v2 4; (7 tan (75) +2}. 


1— ja; ἔπ; —ae*/(1—e*). 
$($ — log 3). 


= 2a(a? — b*) (a? —c?)’ 


dar sec fa, 42sec 4a. 
{2-1 
V2 log 93} ἀπ ΄-- 11ορ 2 -- 1. 


2 8} (4) tan | +6, r<l, 
-- 2 


—2tan-! (5) tan — 3\+8, γ»Ί., 


Limits 7+ 6,r<1; —7+6,r>1; J = ὃ ἤθη γ-:]. 


pe τῶ τ a); 


1 2t+ 1 
-1 
blog Ἴ Εἰ ΩΝ Ἢ , where ¢ = tan jz, 


log fect yet l +29), 


1 a /(1—b*) +(x? - 65) 3(b-a)'a π l+a 
aon 08 | (a? + 1) } 128 ἢ dg 81--α' 
2- log 3; log (2 - 3) -- ὦ .3; /3—4n. 


—2 x 7 
---- --. ---- -1 9 re . 
ὁ log at 7 tan (5) e*(x log « -- 1); 1.5 


29. 


24͵ 


20. 


20, 


27. 


28. 


31. 


33. 


94, 


35. 


36. 


38. 


40. 


41, 


42. 
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1π. 
2- 8 


ΙΕ 1 ne 
aE 5 2—s’ 


δ! ΕΝ 2 


tan θ --- 560 @= — 


tan *(3)- —tantc+—. 
2 


1+tan 436’ 
+ log {a + ./(x*—1)}. 


differing by a constant. 


4 
%+1+,/(a?—1) 


4sinz 
9(n —1) I, —5(2n —3)I,_1+ (n—2)L,-2= τ (5 +4cosa)"— 
(n—2)u, 2—(n—1)u, = 0, n> 2; 
Uy = ἐπ, Us = 
peer ὁ Εἰὰ 
α(α-Ἑ 3) (α -ἰ 4) 


If the given integral is w,,,,, then 


h 
2n(ab —h*)u,,4, —(2n—l1)au, = soit 


(ax? + 2ha +b)” 
1 +22)! 

2(0 +1) tUnse— (20+ 1) Uns +My = - 

ι 2 (1 +2,/3 

ὦ te VBlog Saye 


- 2n(2n—1 2n(2n — 2) 
(ii) 1, — ee a tye 


1 2nx 
= a e*(1 + x)" — ce ἢ e%(1 + rd ae 


π| {{α3 -- 1); up = log (1+ cosec $x), uy = Up Cosa—1+ 2sin pa. 


n(n—1) νὰ πεν 
4 m2 9n4+1) 


Un = Ny 1) Un = 0); Unt 


ee: 
6-5 5" (2). 
(n—1)u, = (n—2)u, 9+ 2-2/2; uy, = log (1+./2), Ue = 1. 


a(8x4 + 8a?+ 3) {(55-Ὁ 1) 
3(2a2 + 1)8 ; 


Formula: see p. 208. 


= flog {a+1+./(x? + 2x + 2)}+ (2.3 -- δα -- 7) (a? + 2a + 2). 
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APPENDIX 
Examples I: 


1, day, 3aty®, 122%y3, 12a3y2, 122%y2, Gaxty, ) 
2. y®, 2xy, 0, 2y, 2y, 2x. 
3. 2x, 2y, 2, 0, 0, 2. 


4. e* cosy, —e*siny, e*cosy, —e*siny, —e*siny, —e* cos y. 


aty uty’ (ety)? (ety)? wry)’ (ery) 
ΤΟ l l 
6. “9 “= = oo 
y 2’ 0, 0, y>" 


7. 3z*sin*y, 22° siny cosy, 6asin®y, 62% sin y cosy, 
6x* sin y cosy, 2”3(cos* y—sin® y), 
8. ye’ sinz +e cosa, χοῦν sin x, 
y* οὖν sin x + 2ye™” cosx—e™ sing, 
οὖν sin x + γοῦν sin x + ποῦν cos x, 
e*Y sin x + wye*Y sin x + χοῦν cos x, χϑεῖν sin x. 
Tet Seok 
Tee ey? Oe 
10. secxtana, secytany, secxtan*x+sec*xz, 0, 0, 
sec y tan* y + sec? y, 


9. tan-ly, -- - 
n Y Type ° 


11. e*sin*® 2y, 465 sin 2y cos 2y, e* sin? 2y, 465 sin 2y cos 2y, 
4e* sin 2y cos 2y, 8e” cos? 2y — 8e* sin? 2y. 
12. ev, xeY, 0, εν, eY, wer. 


Examples II: 
3. (i) ae sin (by +z), —b%e% sin (by - 62), ace cos (by +z); 
(ii) yze™ — 2a? yze™", 0, ye — 2ax* ye"; 


(iii) a(y? + 2) 2az 


a ρς 2 log (ax - δ), at 


INDEX 


Approximations, 55-62 
Area of closed curve, 128 
Argand diagram, 168, 171-4 


Cauchy’s form of remainder, 47 
Centre of gravity of semicircular 
are, 133 

Complex numbers, 158-91 

Argand diagram, 168, 171-4 

argument, 169 

conjugate complex numbers, 161 

De Moivre’s theorem, 174 

differentiation and integration, 

186 

logarithm, 183 

modulus, 162, 169 

number-pair, 166 

powers, 178 

pure imaginary, 161 

quotient, 164 

roots of unity, 177 

sine and cosine, 184 

sum, difference, product, 163 
Convergence of series, 42 
Coordinates, intrinsic, 111 


circle of, 119 
Newton’s formula, 117 
Curves, 100-33 
angle ‘behind’ radius vector, 109 
gradient angle, 107 
length, 103 
parametric form, 116 
sense of description, 101 


De Moivre’s theorem, 174 
Differentiation, logarithmic, 10 
partial, 236 


Envelopes, 123 

Evolutes, 126 

Expansion in series, 41-3 
Exponential function, 18—20, 21-7 


Formula of reduction, 200-16 
for infinite integrals, 220 


Gradient angle ψ, 107 


Hyperbolic functions, 84-99 
inverse, 96-9 


Integrals involving ‘infinity’, 217- 
25 


Integration, systematic, 200-16 
involving surds, 203, 207 
polynomials, 200 
rational functions, 201 

Intrinsic coordinates, 111 

Irrational number, 158 


Lagrange’s form of remainder, 47 
Leibniz’s theorem, 62 
Length of curve, 102-6 
Logarithm, 1-18, 27 

complex numbers, 183 

in differentiation, 10 

series for, 53 


Maclaurin’s series, 49 
Modulus, 162, 169 
of e?, 186 


Newton’s approximation, 56 
Newton’s formula, 117 


Pappus, second theorem of, 132 
Partial differentiation, 236 
Pedal coordinates, 111 

Pedal curve, 112 

Powers, complex, 178 


Rational functions, 11 
integration of, 11, 200 
number, 158 

Remainder 
Cauchy’s form, 47 

ge’s form, 47 

Roots of unity, 177 
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Series, binomial, 51 Sine and cosine of complex num- 
convergence, 42 bers, 184 
exponential, 54 Sinha, 84 
logarithmic, 53 
Maclaurin’s, 49 
oscillating, 43 Taylor’s series, 38-62 
for βίης, 38, 50 Taylor’s theorem, 44 
for sinh x, cosh z, 86 Trigonometric functions, integra- 
sum to infinity, 42 tion of, 214 ς 


Taylor’s, 38-62 
for (1 +2), 40 
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